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Why infinite words ?

Reactive systems: reacting continuously with the environment

Operating systems,

Communicating protocols,

Control programs,

Vending machines,

. . .

Salient feature of reactive systems:

Nonterminating

The behavior of reactive systems:

A set of infinite words.
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Büchi automata (BA)

A Büchi automata B is a tuple pQ,Σ, δ, q0, F q where

Q: finite set of states, Σ: alphabet,

q0: initial state, F � Q: set of final states,

δ � Q� Σ�Q.

A run ρ of a Büchi automata B over an ω-word w � a1a2 � � � P Σω is

a state sequence q0q1 . . . such that @i ¥ 0.pqi, ai�1, qi�1q P δ.

Infpρq: the set of states occurring infinitely often in ρ.

A run is accepting iff Infpρq X F � H.

An ω-word w is accepted by B if there is an accepting run of B over w.

Let LpBq denote the set of ω-words accepted by B.

A deterministic Büchi automaton (DBA) B is a BA pQ,Σ, δ, q0, F q s.t.

@q P Q, a P Σ, D at most one q1 P Q such that pq, a, q1q P δ.

Then δ in a DBA can be seen as a partial function δ : Q� Σ Ñ Q.
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Büchi automata: Example

“The letter a occurs only finitely often”

q0

a, b

q1

b

b

“The letter a occurs infinitely often”

q0

b

q1

a

a

b
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Büchi automata: Several notations

Let B � pQ,Σ, δ, q0, F q be a BA, q, q1 P Q, and w � a1 . . . an P Σ�.

A partial run of B over w from q to q1 is a state sequence q1q2 . . . qn�1

such that

@i ¤ n.pqi, ai, qi�1q P δ,

q1 � q, qn�1 � q1.

q
w
ÝÑ q1:

there is a partial run of B over w from q to q1.

q
w
ÝÑ
F
q1:

there is a partial run of B over w from q to q1

which contains an accepting state.
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ω-regular languages

Theorem. Let L � Σω. Then
L can be defined by a BA iff L �

�
1¤i¤n

UiV
ω
i ,

where @i : 1 ¤ i ¤ n. Ui, Vi � Σ� are regular and ε R Vi.

Proof.
Only if direction:
Suppose that L is defined by a BA B � pQ,Σ, δ, q0, F q.
Let Lqq1 � tw P Σ� | q

w
ÝÑ q1u. Then L �

�
qPF

Lq0qpLqqztεuq
ω.

If direction: Suppose L �
�

1¤i¤n
UiV

ω
i .

Since Büchi automata are closed under union (which will be shown later),
it is sufficient to prove that UiV

ω
i can be defined by a BA.

Let A1 � pQ1,Σ, δ1, q
1
0 , F1q (resp. A2 � pQ2,Σ, δ2, q

2
0 , F2q) define Ui (resp. Vi).

W.l.o.g. assume that there are no transitions pq, a, q20q with q P Q2.
Then B � pQ1 YQ2,Σ, δ, q

1
0 , tq

2
0uq defines L, where

δ �
δ1 Y δ2 Y

 
pq, a, q1q | q P F1, pq

2
0 , a, q

1q P δ2
(

Ytpq, a, q20q | Dq
1 P F2, pq, a, q

1q P δ2u
.
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Expressibility of DBA

Let L � Σ�. Define
ÝÑ
L � tw P Σω | Dωn. w1 . . . wn P Lu.

Proposition. Let L � Σω. Then

L can be defined by a DBA iff L �
ÝÑ
L1 for some regular language L1 � Σ�.

Proof.
Only if direction:
Suppose L is defined by the DBA B � pQ,Σ, δ, q0, F q.
Let L1 be defined by the DFA A � pQ,Σ, δ, q0, F q, then L �

ÝÑ
L1.

It is trivial that L �
ÝÑ
L1.

Suppose w P
ÝÑ
L1. Then there exist infinitely many n P N s.t. w1 . . . wn P L

1.
For each such n, let q0 . . . qn be the accepting run of A over w1 . . . wn.
Then q0 . . . qn . . . is an accepting run of B over w. Therefore, w P L.

If direction:

Let L �
ÝÑ
L1 and A � pQ,Σ, δ, q0, F q be a DFA defining L1.

Then the DFA B � pQ,Σ, δ, q0, F q defines L.
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Expressibility of DBA

Let L � Σ�. Define
ÝÑ
L � tw P Σω | Dωn. w1 . . . wn P Lu.

Proposition. Let L � Σω. Then

L can be defined by a DBA iff L �
ÝÑ
L1 for some regular language L1 � Σ�.

Proposition. BA is strictly more expressive than DBA.

Proof.
The language L “The letter a occurs only finitely often”

is not expressible in DBA.

For contradiction, assume that L is defined by a DBA B.

Consider abω. The run of B over abω is accepting. Let n1 P N s.t. q0
abn1

ÝÝÝÑ
F

q1.

Consider abn1abω. Let n2 P N s.t. q1
abn2

ÝÝÝÑ
F

q2.

Continue like this, we can get an ω-word abn1abn2 . . . which is accepted by B,
while on the other hand contains infinitely many a’s, a contradiction.
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2 Büchi automata

3 Closure properties

4 Equivalence with MSO

5 Decision problem

6 Muller, Rabin, Strett, and Parity automata

7 Determinization

8 Equivalence with WMSO

Zhilin Wu (SKLCS) Automata over infinite words December 20, 2012 10 / 29



Union and intersection

Proposition. The class of ω-regular languages is closed under union and
intersection.

Proof.

Let A1 � pQ1,Σ, δ1, q
1
0 , F1q,A2 � pQ2,Σ, δ2, q

2
0 , F2q define resp. L1, L2.

Union:
The BA A � pQ1 YQ2 Y tq0u,Σ, δ, q0, F1 Y F2q defines L1 Y L2, where

δ � δ1 Y δ2 Y tpq0, a, qq | pq
1
0 , a, qq P δ1u Y tpq0, a, qq | pq

2
0 , a, qq P δ2u.

Intersection:
The BA A � pQ1 �Q2 � t0, 1, 2u,Σ, δ, pq

1
0 , q

2
0 , 0q, Q1 �Q2 � t2uq defines

L1 X L2, where δ is defined as follows,
Suppose pq1, a, q

1
1q P δ1 and pq2, a, q

1
2q P δ2.

If q11 R F1, then ppq1, q2, 0q, a, pq
1
1, q

1
2, 0qq P δ,

otherwise, ppq1, q2, 0q, a, pq
1
1, q

1
2, 1qq P δ.

If q12 R F2, then ppq1, q2, 1q, a, pq
1
1, q

1
2, 1qq P δ,

otherwise, ppq1, q2, 1q, a, pq
1
1, q

1
2, 2qq P δ.

ppq1, q2, 2q, a, pq
1
1, q

1
2, 0qq P δ.
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Complementation

Theorem. The class of ω-regular languages is closed under complementation.

Let L � Σω defined by a BA B � pQ,Σ, δ, q0, F q.
Define a congruence �B over Σ� as follows:

u �B v iff @q, q1 P Q.pq
u
ÝÑ q1 ô q

v
ÝÑ q1q and pq

u
ÝÑ
F
q1 ô q

v
ÝÑ
F
q1q.

Let rus denote the equivalence class of u under �B.
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Complementation

Theorem. The class of ω-regular languages is closed under complementation.

Lemma. �B is of finite index.

Lemma. �B saturates L, namely,

for every u, v P Σ�, rusrvsω X L � H implies that rusrvsω � L.

Proof.

Suppose u1v1v2 � � � P L s.t. u1 P rus and v1, v2, � � � P rvs.
We prove that u11v

1
1v

1
2 � � � P L for every u11 P rus and v11, v

1
2, � � � P rvs.

There exists an accepting run ρ of B over u1v1v2 . . . .
Let q1, q2, . . . be the states in ρ such that q0

u1ÝÑ q1, @i ¥ 1.qi
viÝÑ qi�1.

Then there are i1   i2   . . . s.t.

q1
v1...vi1ÝÝÝÝÝÑ
F

qi1�1, @j ¥ 1.qij�1

vij�1...vij�1
ÝÝÝÝÝÝÝÝÑ

F
qij�1�1.

So q0
u11ÝÑ q1, q1

v11...v
1

i1ÝÝÝÝÝÑ
F

qi1�1, and @j ¥ 1.qij�1

v1ij�1...v
1

ij�1
ÝÝÝÝÝÝÝÝÑ

F
qij�1�1.

Therefore, u11v
1
1v

1
2 . . . is accepted by B, thus in L.
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Complementation

Theorem. The class of ω-regular languages is closed under complementation.

Lemma. �B is of finite index.

Lemma. �B saturates L, namely,

for every u, v P Σ�, rusrvsω X L � H implies that rusrvsω � L.

Lemma. @w P Σω, Du, v P Σ� s.t. w P rusrvsω.

Proof.

For a pair pi, jq such that i   j, assign a color rwi . . . wj�1s.
From Ramsey theorem,
D a color rvs and an infinite sequence 1 ¤ i1   i2   . . . s.t.
@j   k, the pair pij , ikq is assigned the color rvs.

Let u � w1 . . . wi1�1. Then
w � pw1 . . . wi1�1qpwi1 . . . wi2�1qpwi2 . . . wi3�1q � � � P rusrvs

ω.
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for every u, v P Σ�, rusrvsω X L � H implies that rusrvsω � L.

Lemma. @w P Σω, Du, v P Σ� s.t. w P rusrvsω.

Lemma. @u P Σ� s.t. rus is regular.

Proof.

It is sufficient to prove that Lqq1 �
!
w | q

w
ÝÑ q1

)
and LFqq1 �

!
w | q

w
ÝÑ
F
q1
)

are

regular for all q, q1.
Lqq1 is regular: Obvious.
LFqq1 is regular: Defined by the NFA pQ� t0, 1u,Σ, δ1, pq, 0q, pq1, 1qq, where

@p, p1 P Q, if pp, a, p1q P δ, then ppp, 1q, a, pp1, 1qq P δ1, and
if p1 R F , then ppp, 0q, a, pp1, 0qq P δ1, otherwise, ppp, 0q, a, pp1, 1qq P δ1.
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Complementation

Theorem. The class of ω-regular languages is closed under complementation.

Lemma. �B is of finite index.

Lemma. �B saturates L, namely,

for every u, v P Σ�, rusrvsω X L � H implies that rusrvsω � L.

Lemma. @w P Σω, Du, v P Σ� s.t. w P rusrvsω.

Lemma. @u P Σ� s.t. rus is regular.

Proof of the theorem.

Let S � tprus, rvsq | rusrvsω X L � Hu. Then L �
�

prus,rvsqRS

rusrvsω.�
prus,rvsqRS

rusrvsω � L: If prus, rvsq R S, then rusrvsω X L � H, so rusrvsω � L.

L �
�

prus,rvsqRS

rusrvsω: For every w P L, there are rus, rvs such that w P rusrvsω.

Because prus, rvsq P S implies w P rusrvsω � L, it follows prus, rvsq R S.
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Complementation

Theorem. The class of ω-regular languages is closed under complementation.

Lemma. �B is of finite index.

Lemma. �B saturates L, namely,

for every u, v P Σ�, rusrvsω X L � H implies that rusrvsω � L.

Lemma. @w P Σω, Du, v P Σ� s.t. w P rusrvsω.

Lemma. @u P Σ� s.t. rus is regular.

Complexity analysis

The automaton B1 defining L:

The union of the BAs for the languages rusrvsω with prus, rvsq R S.

The BA for rusrvsω can be easily obtained from the NFAs for resp. rus and rvs.

[u] is determined by ptpq, q1q | q
u
ÝÑ q1u, tpq, q1q | q

u
ÝÑ
F
q1uq ñ

22|Q|
2

equivalence classes ñ 22|Q|
2

states in the NFA for rus and rvs.

Conclusion: There are 2Op|Q|
2q states in B1.
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2 Büchi automata

3 Closure properties

4 Equivalence with MSO

5 Decision problem

6 Muller, Rabin, Strett, and Parity automata

7 Determinization

8 Equivalence with WMSO

Zhilin Wu (SKLCS) Automata over infinite words December 20, 2012 13 / 29



MSO over infinite words

Syntax.

ϕ :� Pσpxq | x � y | sucpx, yq | Xpxq | ϕ1 _ ϕ2 |  ϕ1 | Dxϕ1 | DXϕ1,

where σ P Σ.
A MSO formula ϕ is satisfied over an ω-word w � a1 . . . an . . . , with a

valuation I of Freepϕq over Sw, denoted by pw, Iq |ù ϕ, is defined as follows,

pw, Iq |ù Pσpxq iff aIpxq � σ,

pw, Iq |ù x � y iff Ipxq � Ipyq,
pw, Iq |ù sucpx, yq iff Ipxq � 1 � Ipyq,
pw, Iq |ù Xpxq iff Ipxq P IpXq,
pw, Iq |ù ϕ1 _ ϕ2 iff pw, Iq |ù ϕ1 or pw, Iq |ù ϕ2,

pw, Iq |ù  ϕ1 iff not pw, Iq |ù ϕ1,

pw, Iq |ù Dxϕ1 iff there is j P Sw such that pw, IrxÑ jsq |ù ϕ1,

pw, Iq |ù DXϕ1 iff there is J � Sw such that pw, IrX Ñ Jsq |ù ϕ1.
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BA � MSO

From BA to MSO
Let A � pQ,Σ, δ, q0, F q be a BA. Let Q � tq0, q1, . . . , qnu.
Construct the MSO formula ϕ as follows,

Dq0 . . . qnpϕinit ^ ϕtrans ^ ϕfinalq,

where

ϕinit � DxpFirstpxq ^
�

pq0,a,qqPδ

pPapxq ^ qpxqqq,

ϕtrans � @x@ypsucpx, yq Ñ
�

pq,a,q1qPδ

qpxq ^ Papyq ^ q
1pyqq,

ϕfinal � @xDy

�
x   y ^

�
qPF

qpyq

�
.

Then Lpϕq � LpAq.

From MSO to BA

Similar to the construction of an NFA from a MSO formula.
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Nonemptiness

Input: Büchi automaton B � pQ,Σ, δ, q0, F q.
Question: Is LpBq � H ?

Find a SCC (strongly-connected-component) C satisfying the following
conditions,

C contains an accepting state,

C is reachable from q0.

Proposition. Nonemptiness of Büchi automata can be decided in linear time.

SCCs of a directed graph can be found in linear time by a DFS search.
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Language inclusion

Input: Büchi automata B1 and B2.

Question: Is LpB1q � LpB2q ?

Theorem. Language inclusion of Büchi automata is PSPACE-complete.

Upper bound.

Construct B1
2 defining LpB2q and test the emptiness of LpB1 X B1

2q.

There are |Q1|2
Op|Q2|

2q states in B1 X B1
2 ñ

The nonemptiness of B1 X B1
2 can be decided in PSPACE

Guess on the fly a path
from the initial state to a cycle containing an accepting state.

NPSPACE � PSPACE.
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Language inclusion

Input: Büchi automata B1 and B2.

Question: Is LpB1q � LpB2q ?

Theorem. Language inclusion of Büchi automata is PSPACE-complete.

Lower bound.

Universality of Büchi automata (LpBq � Σω) is PSPACE-hard.

Reduction from the membership problem of PSPACE TMs.
Use BA to describe the unsuccessful computations of PSPACE TMs.

Let M � pQ,Σ,Γ, δ, q0, B, F q be a linear space (say cn) TM.

In addition, let pΓ � ΓYQY t$u.

A successful computation of M over w: $C1$C2$ . . . $Cm$
�pΓzt$u	ω s.t.

@i, Ci P ΓjQΓcn�j for some j,

@i   m, Ci $M Ci�1,

C1 � q0wB
cn�n, Cm P Γ�FΓ�.
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Various acceptance conditions

Acceptance conditions of ω-automata

Muller condition: pQ,Σ, δ, q0,Fq, where F � 2Q,

A run ρ is accepting iff Infpρq P F .

Rabin condition: pQ,Σ, δ, q0, pUi, Viq1¤i¤kq, where @i. Ui, Vi � Q,

A run ρ is accepting iff Di. Infpρq X Ui � H^ Infpρq X Vi � H.

Strett condition: pQ,Σ, δ, q0, pUi, Viq1¤i¤kq, where @i. Ui, Vi � Q,

A run ρ is accepting iff @i. Infpρq X Vi � H Ñ Infpρq X Ui � H.

Parity condition: pQ,Σ, δ, q0, cq, where c : QÑ t1, . . . , ku,

A run ρ is accepting iff minptcpqq | q P Infpρquq is even.

Rabin chain condition: A Rabin condition pUi, Viq1¤i¤k s.t.
U1 � V1 � U2 � V2 � � � � � Uk � Vk.

Observation. Parity � Rabin chain.
Parity ñ Rabin chain: c : QÑ t1, . . . , 2k � 1u
@i : 1 ¤ i ¤ k. Ui � tq | cpqq ¤ 2i� 1u, Vi � tq | cpqq ¤ 2iu.

Rabin chain ñ Parity: @i : 1 ¤ i ¤ k. cpUizVi�1q � 2i� 1, cpVizUiq � 2i.
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Equivalence of all the acceptance conditions

From Büchi to the other conditions:
Let B � pQ,Σ, δ, q0, F q be a BA.

Muller: pQ,Σ, δ, q0,Fq with F � tP | P X F � Hu,
Rabin: pQ,Σ, δ, q0, pH, F qq,

Strett: pQ,Σ, δ, q0, pF,Qqq,

Parity: pQ,Σ, δ, q0, cq with cpF q � 0 and cpQzF q � 1.

From Parity to Strett:
Let A � pQ,Σ, δ, q0, cq be a Parity automaton and c : QÑ t1, . . . , 2k� 1u.
Then A is equivalent to the Strett automaton pQ,Σ, δ, q0, pUi, Viq0¤i¤kq,

where Ui � tq | cpqq ¤ 2iu, Vi � tq | cpqq ¤ 2i� 1u.

From Rabin and Strett to Muller:
Let A � pQ,Σ, δ, q0, pUi, Viq1¤i¤kq be a Rabin (resp. Strett) automaton.
Then A is equivalent to the Muller automaton pQ,Σ, δ, q0,Fq, where
F � tF | Di.F X Ui � H^ F X Vi � Hu
(resp. F � tF | @i.F X Vi � HÑ F X Ui � Hu).
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Equivalence of all the acceptance conditions

From Muller to Büchi
Let A � pQ,Σ, δ, q0,Fq be a Muller automaton s.t.

F � tF1, . . . , Fku and @i : 1 ¤ i ¤ k. Fi � tq
1
i , . . . , q

li
i u.

Construct a Büchi automaton B � pQ1,Σ, δ1, q10, F
1q as follows.

Q1 � QY tpq, i, jq | q P Q, 1 ¤ i ¤ k, 0 ¤ j ¤ |Fi|u,

q10 � q0,

F 1 � tpq, i, |Fi|q | q P Q, 1 ¤ i ¤ ku,

δ1 is defined as follows,

δ1 contains all the transitions in δ,
for every transition pq, a, q1q P δ and every i : 1 ¤ i ¤ k such that q1 P Fi,
pq, a, pq1, i, 0qq P δ1,
for every transition pq, a, q1q P δ,

if q, q1 P Fi and q1 � qj�1
i , then ppq, i, jq, a, pq, i, j � 1qq P δ1,

if q, q1 P Fi and q1 � qj�1
i , then ppq, i, jq, pq1, i, jqq P δ1,

for every transition pq, a, q1q P δ, if q, q1 P Fi, then ppq, i, liq, a, pq
1, i, 0qq P δ1.
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Transformation between deterministic automata

Theorem. Deterministic Muller, Rabin, Strett and Parity automata are
expressively equivalent.

From Parity to Rabin and Strett, from Rabin and Strett to Muller:

Same as the nondeterministic automata.
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Transformation between deterministic automata

Theorem. Deterministic Muller, Rabin, Strett and Parity automata are
expressively equivalent.

From deterministic Muller to deterministic Parity (Rabin chain):
Let A � pQ,Σ, δ, q0,Fq be a deterministic Muller automaton.
Suppose Q � tq0, . . . , qnu.
The main idea.

Latest appearance record (LAR)

qi0qi1 . . . qis−1
]qis+1

. . . qinqis

δ(qin , a) = qis

qi0qi1 . . . qir ]qir+1
. . . qin
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Transformation between deterministic automata

Theorem. Deterministic Muller, Rabin, Strett and Parity automata are
expressively equivalent.

From deterministic Muller to deterministic Parity (Rabin chain):
Let A � pQ,Σ, δ, q0,Fq be a deterministic Muller automaton.
Suppose Q � tq0, . . . , qnu.
Construct a Parity automaton A1 � pQ1,Σ, δ1, q10, pUi, Viq0¤i¤nq as follows.

Q1 is the set of sequences u7v s.t. uv is a permutation of q0 . . . qn.

q10 � 7qnqn�1 . . . q0.

if δpqin , aq � qis , then

δ1pqi0 . . . qir 7qir�1 . . . qin , aq � qi0 . . . qis�17qis�1 . . . qinqis .

In particular, if δpqin , aq � qin , then

δ1pqi0 . . . qir 7qir�1 . . . qin , aq � qi0 . . . 7qin .

Ui � tu7v | |u|   iu, Vi � Ui Y tu7v | |u| � i, DF P F . F � vu.

U0 � V0 � U1 � V1 � � � � � Un � Vn.
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Transformation between deterministic automata

Theorem. Deterministic Muller, Rabin, Strett and Parity automata are
expressively equivalent.

From deterministic Muller to deterministic Parity (Rabin chain):
Let A � pQ,Σ, δ, q0,Fq be a deterministic Muller automaton.
Suppose Q � tq0, . . . , qnu.
Construct a Parity automaton A1 � pQ1,Σ, δ1, q10, pUi, Viq0¤i¤nq as follows.

Correctness of the construction.
Let w P Σω and ρ be the accepting run of A over w. Then Infpρq � F P F .
Consider the run ρ1 of A1 corresponding to ρ.

Dj s.t. after the position j in ρ, only the states in Infpρq appear ùñ
Dj1 ¥ j s.t. after the position j1 in ρ1,

all the states in Infpρq are on the right side of LAR ùñ
Di s.t. after the position j1 in ρ1, all the LARs u7v satisfy |u| ¥ i,

and Dωu7v s.t. |u| � i and v � Infpρq � F ùñ
Infpρ1q X Ui � H and Infpρ1q X Vi � H
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Transformation between deterministic automata

Theorem. Deterministic Muller, Rabin, Strett and Parity automata are
expressively equivalent.

From deterministic Muller to deterministic Parity (Rabin chain):
Let A � pQ,Σ, δ, q0,Fq be a deterministic Muller automaton.
Suppose Q � tq0, . . . , qnu.
Construct a Parity automaton A1 � pQ1,Σ, δ1, q10, pUi, Viq0¤i¤nq as follows.

Correctness of the construction.
Let w P Σω and ρ1 be the accepting run of A1 over w.

Di s.t. Infpρ1q X Ui � H and Infpρ1q X Vi � H ùñ
DF P F and j1 s.t. u7v in the position j1 of ρ1 satisfies |u| � i, v � F ,

and after the position j1 in ρ1,
all u17v1 satisfy |u1| ¥ i, and Dωu17v1, |u1| � i, v1 � F ùñ

Consider the run ρ of A over w: After the position j1 in ρ,
only states in F occur (o.w. u17v1 s.t. |u1|   i occurs after j1 in ρ1),
and every state in F occur infinitely often (o.w. Dj2 ¡ j1, all u17v1

after j2 satisfy |u1| ¡ i, thus Infpρ1q X Vi � H).

Therefore, ρ is accepting.
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Deterministic Muller automata (DMA)

Proposition. The class of languages recognized by DMA is closed under all
Boolean operations.

Union: A1 � pQ1,Σ, δ1, q
1
0 ,F1q and A2 � pQ2,Σ, δ2, q

2
0 ,F2q.

A � pQ1 �Q2,Σ, δ, pq
1
0 , q

2
0q,Fq, where

δppq1, q2q, aq � pδ1pq1, aq, δ2pq2, aqq,
F � tS � Q1 �Q2 | proj2pSq P F2u Y tS � Q1 �Q2 | proj1pSq P F1u.

Intersection: A1 � pQ1,Σ, δ1, q
1
0 ,F1q and A2 � pQ2,Σ, δ2, q

2
0 ,F2q.

A � pQ1 �Q2,Σ, δ, pq
1
0 , q

2
0q,Fq, where

δppq1, q2q, aq � pδ1pq1, aq, δ2pq2, aqq,
F � tS � Q1 �Q2 | proj1pSq P F1,proj2pSq P F2u.

Complementation: A � pQ,Σ, δ, q0,Fq ñ B � pQ,Σ, δ, q0, 2QzFq.
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Expressibility of DMA

Theorem. An ω-language L is definable by a DMA iff
L is a Boolean combination of sets

ÝÑ
W for regular W � Σ�.

Proof.
“If” direction:

ÝÑ
W is recognized by a deterministic Büchi automata,

The class of languages recognized by DMAs is closed under all Boolean
combinations.

“Only if” direction:
Suppose L is defined by a DMA A � pQ,Σ, δ, q0,Fq.
For every q P Q, let Wq denote the language defined by DFA pQ,Σ, δ, q0, tquq.
Then

L �
¤
FPF

�£
qPF

ÝÑ
Wq X

£
qRF

ÝÑ
Wq

�
.
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Mcnaughton’s theorem: NBA � DMA

Theorem. From every nondeterministic Büchi automaton, an equivalent
DMA can be constructed.

NBA ñ Semi-deterministic Büchi automata (SDBA) ñ DMA

Using the slides and lecture notes by Bernd Finkbeiner.

NBA ñ SDBA:

Slides: http://www.react.uni-saarland.de/teaching/
automata-games-verification-12/downloads/intro6.pdf

Lecture notes: http://www.react.uni-saarland.de/teaching/
automata-games-verification-12/downloads/notes5.pdf

SDBA ñ DMA:

Slides: http://www.react.uni-saarland.de/teaching/
automata-games-verification-12/downloads/intro7.pdf

Lecture notes: http://www.react.uni-saarland.de/teaching/
automata-games-verification-12/downloads/notes6.pdf

Homework: Prove that the construction from SDBA to DMA is correct.
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ω-regular � WMSO

WMSO:

The same syntax as MSO, with the interpretations of set variables
restricted to finite sets.

WMSO to MSO: WMSO ϕ ñ MSO ϕ1

pDXηq1 � DXpDy@xpXpxq Ñ x ¤ yq ^ η1q.

From DMA to WMSO:

It is sufficient to show that
ÝÑ
W with W regular can be defined by a

WMSO sentence ϕ.

W is regular ñ D a MSO sentence ψ on finite words equivalent to W .

Then
ÝÑ
W is defined by @xDypx   y ^ ψ¤yq, where ψ¤y is obtained from ψ

as follows:

Replace every subformula DXη with DXp@xpXpxq Ñ x ¤ yq ^ η¤yq.

Replace every subformula Dxη with Dxpx ¤ y ^ η¤yq.
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Next lecture

Automata over finite trees
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