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Unranked trees: The motivation
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Unranked trees: The definition

An unranked tree t is a binary tuple pD,Lq, where

D � N� is a finite tree domain, that is,

D is prefix closed,
if xi P D, then x0, . . . , xpi� 1q P D.

L : D Ñ Σ.

a

c c d

b
ba

0
1 2

0 0 1

UΣ: The set of unranked trees over Σ.
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Nondeterministic finite hedge automata (NFHA)

A hedge: A sequence of unranked trees t1, . . . , tn.

A NFHA A is a tuple pQ,Σ, δ, F q, where

F � Q,

δ is a finite set of transition rules of the form apRq Ñ q, where

a P Σ, q P Q,
R � Q� is a regular language over Q.

The languages R are called the horizontal languages.

A run of A over a tree t � pD,Lq is a tree rA,t � pD,L1q s.t.

@x P D labeled by a and with children x0, . . . , xi,
D a rule apRq Ñ q s.t. rA,tpx0q . . . rA,tpxiq P R and rA,t � q.

A run rA,t is accepting if rA,tpεq P F .

Let L � UΣ. Then L is regular if D a NFHA A recognizing L.
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Normalised and deterministic NFHA

A normalised NFHA is a NFHA A � pQ,Σ, δ, F q s.t.

@pa, qq P Σ�Q, D at most one rule of the form apRq Ñ q in δ.

Proposition. @ NFHA A, D an equivalent normalised NFHA A1.

Proof.

apR1q Ñ q, apR2q Ñ q ùñ apR1 YR2q Ñ q.
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Normalised and deterministic NFHA

A deterministic finite hedge automaton (DFHA) is a NFHA A � pQ,Σ, δ, F q
s.t.

@a P Σ, if apR1q Ñ q1, apR2q Ñ q2 s.t. q1 � q2, then R1 XR2 � H.

Proposition. @ NFHA A, D an equivalent DFHA A1 of exponential size.

Proof.

Let A � pQ,Σ, δ, F q be a NFHA.
Assume A is normalised. For pa, qq P Σ�Q, let Ra,q denote R : apRq Ñ q.
Define A1 � p2Q,Σ, δ1, F 1q as follows.

F 1 � tS | S X F � Hu,

@a P Σ, S P 2Q, apR1q Ñ S P δ1, where
S1 . . . Sn P R

1 iff S � tq|Dq1 P S1, . . . , qn P Sn. q1 . . . qn P Ra,qu.
R1 is regular:
Define La,q as tS1 . . . Sn | Dq1 P S1, . . . , qn P Sn. q1 . . . qn P Ra,qu.
Then R1 � p

�

qPS

La,qqzp
�

qRS

La,qq.
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First-child-next-sibling (FCNS) encoding

An example:

a

c c d

b
ba

a

c c d

b ba

a

c c d

b
ba

#

#

##

# #

# #
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First-child-next-sibling (FCNS) encoding

For every unranked tree t over the alphabet Σ, construct a ranked tree fcnsptq
as follows.

fcnspaq � ap#,#q,

fcnspapt1, . . . , tnqq � apfcnspt1, . . . , tnq,#q,

for every hedge t1, . . . , tn with n ¥ 2,
fcnspt1, . . . , tnq � fcnspt1q @ fcnspt2, . . . , tnq, where aps,#q @ s1 � aps, s1q.

For a tree language L � UΣ, let fcnspLq � tfcnsptq | t P Lu.

Example:

fcnspdpa, bqq � dpfcnspa, bq,#q � dpfcnspaq@fcnspbq,#q
� dpap#,#q@bp#,#q,#q � dpap#, bp#,#qq,#q
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From unranked regular to ranked regular

Proposition. Let L � UΣ. Then L is regular implies that fcnspLq is regular.

Proof.

Suppose L is recognized by a normalised NFHA A � pQ,Σ, δ, F q.
For every pa, qq s.t. Ra,q � H,

suppose that Ra,q is recognized by a NFA Ba,q � pPa,q, Q, δ, p
0
a,q, Fa,qq.

W.l.o.g. assume that the state sets Pa,q are disjoint from each other.

The intuition:

b

a

p0a,q

p′ ∈ Pb,q′
p q

· · ·

· · ·
(p, q, p′) ∈ δb,q′

Zhilin Wu (SKLCS) Automata over unranked trees April 3, 2013 10 / 28



From unranked regular to ranked regular

Proposition. Let L � UΣ. Then L is regular implies that fcnspLq is regular.

Proof.

Suppose L is recognized by a normalised NFHA A � pQ,Σ, δ, F q.
For every pa, qq s.t. Ra,q � H,

suppose that Ra,q is recognized by a NFA Ba,q � pPa,q, Q, δ, p
0
a,q, Fa,qq.

W.l.o.g. assume that the state sets Pa,q are disjoint from each other.

Define A1 � pQ1,Σ, δ1, F 1q as follows.

Q1 � QY
�

a,q
Pa,q Y tq#u,

F 1 � F ,

δ1 is defined by the following rules,

p#, q#q P δ
1,

pp0a,q, q#, a, qq P δ
1,

if Db, q, p1, q1 s.t. p, p1 P Pb,q1 , pp, q, p1q P δb,q1 , then pp0a,q, p
1, a, pq P δ1,

if Db, q, p1, q1 s.t. ε P Ra,q, p P Pb,q1 , p1 P Fb,q1 , pp, q, p1q P δb,q1 , then
pq#, q#, a, pq P δ

1,
if Db, q, p1, q1 s.t. ε P Ra,q, p, p1 P Pb,q1 , pp, q, p1q P δb,q1 , then pq#, p

1, a, pq P δ1.
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From ranked regular to unranked regular

Proposition. Let L � TΣYt#u. Then L is regular implies fcns�1pLq is regular.

A notation: fcns�1pLq � tt P UΣ | fcnsptq P Lu.

Proof sketch.

Let A � pQ,ΣY t#u, δ, F q be a NBUT (over ranked trees).
We can define a NFHA A1 such that the horizontal languages of A1 are used to
simulate the partial runs of A over the paths x01�.

Homework. Give the detailed construction for fcns�1pLq from A in the
above proof.
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Closure properties

Corollary. The set of regular languages over unranked trees are closed under
all Boolean operations.

Fact: The following facts hold for fcns and fcns�1.

fcns : UΣ Ñ TΣ is an injective (non-surjective) function,

fcns�1 : TΣ Ñ UΣ is an injective and surjective partial function.

Proof.
Suppose L1, L2 � UΣ are regular.
The corollary follows from the closure property of regular languages over
ranked trees and the following equations.

L1 Y L2 � fcns�1pfcnspL1q Y fcnspL2qq, similarly for X,

UΣzL1 � fcns�1pTΣYt#uzfcnspL1qq.
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Representation of horizontal languages

We use DFA or NFA to represent the horizontal languages,

NFHApNFAq: NFHA with horizontal languages represented by NFA,

NFHApDFAq: NFHA with horizontal languages represented by DFA,

DFHApNFAq: DFHA with horizontal languages represented by NFA,

DFHApDFAq: DFHA with horizontal languages represented by DFA.
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Nondeterminism of DFHA(DFA)

Let A � pQ,Σ, δ, F q be a DFHA(DFA).
W.l.o.g, assume that A is normalised:

@pa, qq, Ra,q is given by a DFA Ba,q � pQa,q,Σ, δa,q, q
0
a,q, Fa,qq.

Size of a DFHA(DFA) A: |Q| �
°

a,q
|Qa,q|.

Nondet. choice of different DFAs:

A � ptq1, q2, qa, qbu, tr, a, bu, δ, tq1, q2uq, where δ is defined as follows,

aptεuq Ñ qa, bptεuq Ñ qb,

rptqaqauq Ñ q1, rptqaqbuq Ñ q2.
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Minimization of DFHA(DFA) is dificult

No unique minimum DFHA(DFA) for a given language:

The language trpapwqq | w P Lu, where
L � L1 Y L2 Y L3, L1 � pbbbq�, L2 � bpbbbbbbq� and L3 � bbpbbbbbbbbbq�.

Theorem. DFHA(DFA) minimization is NP-complete.

Reference. W. Martens, and J. Niehren, Minimizing Tree Automata for Unranked

Trees, DBPL 2005.
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Deterministic stepwise hedge automata (DSHA)

The intuition (Deterministic horizontal automata with output):

A DSHA is a tuple A � pQ,Σ, δ0, F, δq, where

Q,Σ, F are as usual,

δ0 : Σ Ñ Q is the initial state assignment function,

and δ : Q�QÑ Q is the transition function.

For every a P Σ, define δ�a as follows,

δ�a pεq � δ0paq, δ
�
a pwqq � δpδ�a pwq, qq.

A run of a DSHA A � pQ,Σ, δ0, F, δq over a tree t � pD,Lq:
A tree rA,t � pD,L1q s.t.

@ node x with label a and children x0, . . . , xk,
L1pxq � δ�a pL

1px0q . . . L1pxkqq.
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Extension operator

Extension operator @:
Given two trees t, t1 P UΣ s.t. t � apt1, . . . , tnq, then t@t1 � apt1, . . . , tn, t

1q.

Encoding of unranked trees by extension operator:

a

c c d

b
ba a @

b

d

c

a

@

@

b@

@

c

@

The extension encoding ext : UΣ Ñ Tt@uYΣ,

extpaq � a,

extpapt1, . . . , tnqq � @pextpapt1, . . . , tn�1qq, extptnqq.

Proposition. ext : UΣ Ñ Tt@uYΣ is a bijection.

For L � UΣ, define extpLq � textptq | t P Lu.
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DSHA as DBUTA over Tt@uYΣ

The intuition:

ranked stepwise
pa, qq δ0paq � q

pq1, q2,@, qq δpq1, q2q � q

Lemma. Let A � pQ,Σ, δ0, F, δq be a DSHA and t, t1 P UΣ s.t. rA,tpεq � q
and rA,t1pεq � q1, then rA,t@t1pεq � δpq, q1q.

a

t1 tn t′. . .δ0(a) q q′

δ(q, q′)
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DSHA as DBUTA over Tt@uYΣ

The intuition:

ranked stepwise
pa, qq δ0paq � q

pq1, q2,@, qq δpq1, q2q � q

Lemma. Let A � pQ,Σ, δ0, F, δq be a DSHA and t, t1 P UΣ s.t. rA,tpεq � q
and rA,t1pεq � q1, then rA,t@t1pεq � δpq, q1q.

For a DSHA A � pQ,Σ, δ0, F, δq, define extpAq � pQ, t@u Y Σ, δ1, F q, where

for every a P Σ, pa, qq P δ1 iff δ0paq � q,

pq1, q2,@, qq P δ
1 iff δpq1, q2q � q.

Proposition. For every DSHA A, LpextpAqq � extpLpAqq.
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Minimization of DSHA

Theorem. For each regular language L � UΣ, there is a unique minimum
DSHA recognizing L.

Proof.
Suppose A1 and A2 are two minimum DSHAs for L.
Then extpA1q and extpA2q are two minimum DBTUAs for extpLq.
Therefore, extpA1q � extpA2q, so A1 � A2.
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Minimization of DSHA

Theorem. For each regular language L � UΣ, there is a unique minimum
DSHA recognizing L.

Define a congruence �L (wrt. @) over UΣ as follows:

t1 �L t2 iff extpt1q �extpLq extpt2q.

Theorem. Let L � UΣ. Then L is regular iff �L is of finite index.

Proof.
Suppose �L is of finite index. Then L is recognized by the DSHA
pQ,Σ, δ0, F, δq, where

Q � trts | t P UΣu, F � trts | t P Lu,

δ0paq � ras, δprt1s, rt2sq � rt1@t2s.

Suppose L is regular. Then extpLq is also regular.
So �extpLq, and thus �L, is of finite index.
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Membership

Theorem. The membership problem for NFHA(NFA) is in PTIME.

Proof.

Let A � pQ,Σ, δ, F q be a NFHA(NFA) and t be a tree.
The following problem can be solved in PTIME.

Given a NFA B � pQ1, Q, δ1, q0, F
1q, a word S1 . . . Sn P p2

Qq�,
decide whether Dq1 . . . qn s.t. @i. qi P Si, and q1 . . . qn is accepted by B.

1 Compute the set of reachable states

P0 � tq0u,
for i ¡ 0, Pi � tq1 | Dp1 P Pi�1, q P Si, pp

1, q, q1q P δ1u.

2 Check whether Pn X F 1 � H.

Then the set of reachable states of A after reading t in bottom-up can be
computed in PTIME.
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Emptiness

Theorem. The emptiness problem for NFHA(NFA) is in PTIME.

Proof.

Let A � pQ,Σ, δ, F q be a normalised NFHA(NFA).

A state q is reachable if D a run of A over a tree t, say r, s.t. rpεq � q.

Compute the set of reachable states RA as follows, until RA,i � RA,i�1.

RA,0 � tq | Da,R. apRq Ñ q P δ, ε P Ru,

RA,i � RA,i�1 Y tq | Da,R. apRq Ñ q,RX pRA,i�1q
� � Hu.

Claim. LpAq is nonempty iff RA X F � H.
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Inclusion

Theorem. The inclusion problem of NFHA(NFA) is EXPTIME-complete.

Proof.
Upper bound:
Let A,A1 be two NFHA(NFA).

1 Determinize A1: In EXPTIME, obtaining a complete DFHA(DFA) A2,

2 Complement A2 to get A3: Just complementing the set of accepting
states,

3 Decide whether LpAq X LpA3q is empty: In polynomial time over the size
of A and A3.

Lower bound:
Reduction from APSPACE TMs to the universality of NFHA(NFA).
Similar to the lower bound for the universality of NBTUA over ranked
trees.
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Determinism

Theorem. Checking whether a NFHA(NFA) is deterministic is in PTIME.

Proof.

Let A � pQ,Σ, δ, F q be a normalised NFHA(NFA) s.t. every Ra,q is given by a
NFA Ba,q.
The following computation is in PTIME:

@apRa,q1q Ñ q1, apRa,q2q Ñ q2 P δ s.t. q1 � q2, test Ra,q1 XRa,q2 � H.
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Completeness

A complete NFHA is a NFHA A � pQ,Σ, δ, F q s.t.

@t, D at least one run of A over t.

Theorem. Completeness of NFHA(NFA) (resp. DFHA(DFA)) is PSPACE-c.

Proof.
PSPACE-hardness: Reduction from intersection of DFAs.
Suppose A1, . . . ,An are n DFAs s.t. Ai � pQi,Σ, δi, q0,i, Fiq.
Construct a DFHA(DFA) B � pQ1,Σ1, δ1, F 1q, where

Q1 � tq1, qru Y tqa | a P Σu, Σ1 � ΣY tru, F 1 � tqru,

δ1 is defined as follows.
Let Ri � prjpLpAiqq (where prjpaq � qa), R1 � Q1�ptqr, q1uqQ

1�.
Then δ1 � tapRiq Ñ qa, apR

1q Ñ q1, rpRiq Ñ qr, rpR
1q Ñ q1u.

Claim.
B is complete iff

�

i

Ri � ptqa | a P Σuq� iff
�

i

LpAiq � Σ� iff
�

i

LpAiq � H.
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Completeness

A complete NFHA is a NFHA A � pQ,Σ, δ, F q s.t.

@t, D at least one run of A over t.

Theorem. Completeness of NFHA(NFA) (resp. DFHA(DFA)) is PSPACE-c.

Proof.
In PSPACE:
Let A � pQ,Σ, δ, F q be a normalised NFHA(NFA)

s.t. the languages Ra,q are defined by NFAs Ba,q.

W.l.o.g assume that all the states of A are reachable.
A state q is reachable if D a run of A over a tree t, say r, s.t. rpεq � q.

Claim. A is complete iff @a P Σ.
�

qPQ

Ra,q � Q�.

From the NFAs Ba,q,

an NFA Ca can be constructed in PTIME to recognize
�

qPQ

Ra,q,

the universality of Ca can be checked in PSPACE.
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(Possibly) Open questions

DFHA(DFA):

The complexity of inclusion problem
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Next lecture

Applications to model checking
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