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Temporal logics: The general background

e Introduced by a philosopher Arthur Prior in 1950’s (known as tense logic).

e Introduced to computer science (Linear temporal logic) by Amir Pnueli in
1977.
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Temporal logics: The general background

A brief history

e Introduced by a philosopher Arthur Prior in 1950’s (known as tense logic).

e Introduced to computer science (Linear temporal logic) by Amir Pnueli in
1977.

4

Classifications

Linear time versus branching time

o Linear time: Each moment has a unique future.

e Branching time: Each moment may have several possible futures.
Time point versus intervals

@ Refer to the time by time points: Linear temporal logic, Computation
tree logic, Modal p-calculus,

o Refer to the time by time intervals: Interval temporal logics.
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Temporal logics: The general background

A brief history

e Introduced by a philosopher Arthur Prior in 1950’s (known as tense logic).

e Introduced to computer science (Linear temporal logic) by Amir Pnueli in
1977.

Classifications

Linear time versus branching time

o Linear time: Each moment has a unique future.

@ Branching time: Each moment may have several possible futures.
Time point versus intervals

@ Refer to the time by time points: Linear temporal logic, Computation
tree logic, Modal p-calculus,

o Refer to the time by time intervals: Interval temporal logics.

Extensions

Timed, probabilistic, ...
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Linear temporal logic (LTL)

Syntax of LTL:
p=p(pe AP) [ o1V o2 | —p1 | X1 | p1Uco.
Semantics of LTL:
Let w e (247)% and ¢ be a LTL formula. Then

o (w,i) Epiff pewo,

o (w,i) E @y Vs iff (w,i) E py or (w,i) = po,

o (w,i) E -y iff not (w,i) E o1,
(w,i) = Xy iff (w,i+1) = 1,
(w,i) Ep1Upg iff 37 s.t. 5214, (w,j) = e and Vk:i<k<j, (w, k) = p1.

wE @ iff (w,0) = ¢.
L(p): {we (2*F) |wE ¢},
Derived temporal operators:
Ti=pV-p, Fo:=T Up, Gp:=-F-p, p1Rps := ~(~p1U-p2), ....
Remark: X: neXt, U: Until, F: Future, G: Global, R: Release.

Zhilin Wu (SKLCS) Automata and model checking April 17, 2013



Expressiveness of LTL

Examples: Xp, pUq, G(p —» Fq), FGp, GFp - GFq.

Proposition. The property “event p occurs at all even time points” is not
expressible in LTL.

How about the formula p A G(p - Xq) AG(q—~ Xp)?
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Expressiveness of LTL

Examples: Xp, pUq, G(p —» Fq), FGp, GFp - GFq.

Proposition. The property “event p occurs at all even time points” is not
expressible in LTL.

How about the formula pAn G(p - Xq) AG(q - Xp)?

Lemma. Let AP = {p}. Then for every LTL formula ¢ of size n over AP and
every m,m’ 2 n, {p}"(@{p})* £ ¢ iff {p}™ (2{p})” F ¢.

Proof (Proposition).

For contradiction, suppose that “event p occurs at even time points” can be
defined by a LTL formula ¢.

Let n = |p|.

From the lemma, {p}"(2{p})” F ¢ iff {p}"*(&{p})* F ¢.

On the other hand, either not {p}"(@{p})“ E ¢ or not {p}"**(a{p})* E .
We get a contradiction.

Theorem. LTL = FO[AP,+1,<].
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Expressiveness of LTL

Proof of the lemma.

Induction on the structure of ¢.
e p=pand m,m’' >n=1: {p}"™(a{p})* Ep iff {p}m/(z{p})“ E D,

@ =1 V(s O = easy,

° v =Xoi: {p}™(&{p})” = X0y iff {p}" " (2{p})* F 1 iff
{p}™ " (2{p})” F 1 ift {p}™ (&{p})* = X1,

o ¢ =1 Ups: By symmetry, it is sufficient to show {p}™(a{p})¥ = ©1Up2
= {p}™ (a{p})“ E p1Ups. There are three situations.

DA
prEOENE O 0 P (0P} 01 {p} (0{p})
o o o
Viil<j<m—i Vji:0<j<i. Vi:0<j<i.

PHOPH Eer O 0D Eer (0{p})0{p}(0{p}) E ¢
OpH O Eer {prO{} 0} 0{p}))* F o1
Vit 1< <m. Vi 0<§ < m.
P (0{p})* E o P (O{p})° = ¢
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Expressiveness of LTL

Proof of the lemma.

Induction on the structure of ¢.
o p=pandm,m'>n=1: {p}™(@{p})* £ piff {p}™ (2{p})* F .
@ Y= VyOr o= easy,
° p=Xopi: {p}™(&{p})* F Xou iff {p}" "1 (&{p})* F 1 iff
{py™ H(@{p})* = o1 iff (P} (2{p})* = X1,
e p= gOlU,SﬁQ: By symmetry, it is sufficient to show {p}™(@{p})“ £ ©1Ups2
= {p}™ (z{p})¥ = ¢1Ups. There are three situations.

O

v

To exemplify the proof, consider the second situation:

(2{p})* £ @1 and V' : 1< j <m.{p} (a{p})* F ¢1.
Then

Py (@{p})* E o1 = Vn<j <m'{p} (2{p})* & o1 (By IH) =
Vi<j <m'{p} (&{p})” Ep1 = {p}™ (@{p})* = ©1Ups.

The arguments for the other two situations are similar.
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Kripke structure

A Kripke structure S is a tuple (S, AP, —,I, L), where
o S: the set of states,
@ AP: the set of atomic propositions,
@ —»C S x S: the transition relation s.t. Vs3s'.s — s,
@ I ¢ S: The set of initial states,
o L:S —24F: The labelling function.
A path 7w in S: An infinite sequence of states sgs1... s.t. Vi.s; > S;41.
A path sgsq ... is initial if sg € 1.
L(S) = {L(w) | 7 is an initial path in S}, where L(w) = L(sg)L(s1)... if

mT=5)51--.-
=0
—»
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LTL model checking

Let S = (S, AP,—, I, L) be a Kripke structure and ¢ be an LTL formula. Then
S E ¢ iff for every initial path 7 in S, L(7) & ¢.
Model checking (MC) problem:

Given a Kripke structure S and an LTL formula ¢, decide whether
SEp.

Automata-theoretical approach to MC problem

The idea:
S=(S,AP,—,I,L) can be viewed as a Biichi automaton

As = (8,247 ,6,1,8), where (s,P,s') €6 iff s > s and P = L(s).
The algorithm:
@ Construct an equivalent Biichi automaton A_, from —¢.
@ Construct A" as a product of As and A_, accepting L(As) N L(A-,).
@ Decide whether L(A") is empty.

Question: How to construct A_, from —p?
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Generalised Biichi automata (GBA)

A GBA A is a tuple (Q, 24,5, 1, F), where

@ (Q: the set of states,

@ J: the set of states,

@ I: the set of initial states,

o F c29: the acceptance component.
The runs of a GBA over w-words are defined similarly to those of BA.
A run 7 =qoq; ... of a GBA Ais accepting if VF € F, Inf(r)n F + @.

Example:

F = e} Aa}}
a b

b
/\9
() ()
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GBA = BA

Proposition. Given a GBA A, an equivalent BA A’ can be constructed in
quadratic time.

Proof.

Let A=(Q,247,6,1,F) be a GBA.
Suppose F = {F}, ..., F}.}, we construct a BA A’ = (Q',247,6', I', F') as
follows.

o Q,:QX{O»"'vk}»
o I' = I x {0},

0" is defined by the following rules,
o for every (q,P,q') ed and every i: 1 <i<ks.t. ¢ € Fj,
((q*l - 1)7P7 (q,L)) € 6/7
o for every (g, P,q') €4, ((¢,k), P,(q',0)) €.
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Closure of LTL formulas

For an LTL formula ¢, let sub(¢) denote the set of subformulas of ¢.
Given an LTL formula ¢, the closure of o, denoted by cl(y), is
sub(p) U {-1 | ¥ esub(p)} (where -~—p and ¢ are identified).

Example:
Suppose ¢ = G(p — Fq) = - (true U-~(-pVv Fq)). Then
D, =P, q, ~q,true, =true,
FQa _‘Fq,
-pV Fq,~(-pVv Fq),
true U=(=pV Fq),¢
where true =pv -p, F'q =true Uq.

cl(p) =
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Elementary sets of formulas

Let ¢ be an LTL formula and B ¢ cl(yp).
Then B is said to be elementary if B satisfies the following conditions,
o Consistency wrt. Boolean operators: For every ¥ v 19,1 € cl(p),
e Y1V e Biff 1 € Bor e B,
o if 1) € B, then - ¢ B,
e Local consistency wrt. Until operators: For every 1 U € cl(p),
o if 92 € B, then ¥1 U3 € B,
o if Y1Uvs € B and 2 ¢ B, then ¢ € B,
e Maximality: For every v € cl(¢), if ¢ ¢ B, then ) € B.
Example:
Let ¢ = G(p - Fq) = - (true U-~(-pV Fq)).
Suppose B = {-p, q,true, Fq,—~pVv Fq,true U-(-pVv Fq)}.
Then B is elementary.
@ Boolean cosistency: -p e B = true,-pv Fqe B, ...,
@ Local consistency wrt. Until: ge B = Fqe B,
true U-(-pVv Fq) € B, =(-pV Fq) ¢ B = true € B,
o Maximality: ¢ ¢ B = true U-~(-pVv Fq) € B, ....
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From LTL to GBA

Theorem. Given an LTL formula ¢, an equivalent GBA A = (Q,247,6,1,F)
s.t. |Q = 2°U¢D and | F| = O(|¢|) can be constructed.

Let ¢ be an LTL formula.
Define a GBA A = (Q,27,6,1,F) as follows.
e @ is the set of elementary set of formulas B ¢ cl(p),
o [ ={B|ype B},
@ ¢ is the set of tuples (B, P, B’) s.t.
o P={pe AP |pe B},
o for every v, X1 ecl(p), Xt e Biff p e B',
o for every Y1 U1z € cl(y),

11Uz € B < (2 € B or (1 € B,1Us € B')).

o F={Fy,uy, | v1Ut2 €cl(p)}, where
Fyup, ={B € Q|1 Utpy € B= 1)y € B}.

Claim. For every w e (247)%, w k ¢ iff w e L(A). O
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From LTL to GBA

Claim. For every w e (247)%, wk ¢ iff w e L(A).

Proof.

“Only if” direction: Suppose w E .
For every i € N, let B; = {¢ € cl(p) | (w,7) E ¥}
Then ByB; ... is a run of A over w.
ByB; ... is also an accepting run:
For every 11 U1s € cl(p),
o if HZVJ j > 1. 1/}1U’l/)2 ¢ Bj, then
Vj:g2>i. Bj € F‘wlUw2 = Inf(3031 ... ) n F¢1U¢2 + J,

o if 3 infinitely many i s.t. 11U € B;, in other words, (w,%) = ¢ U1y, then

3 infinitely many i’ s.t. (w,i") E g,
thus, 1/12,1/)1U’l/12 € Bi’; so, Bir € F¢1U¢2
=

Inf(BQBl .. ) N F¢1U¢2 +J.

April 17, 2013 13 / 35
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From LTL to GBA

Claim. For every w e (247)%, wk ¢ iff w e L(A).

Proof.

“If” direction: Suppose w € L(A).
Then there is an accepting run ByBj ... of A over w.
It is sufficient to show that for every 4 € cl(¢p), the following holds,
for every i e N s.t. ¢ € By, (w,1) E 1.
Induction on the structure of formulas.
@ ¢ =p: Then p e B;, so p € w; (from the construction of A), (w,7) E 1,

@ Y =11 Vi or Y = —1p1: Easy.
@ ¢ = Xb1: Then 1 € B;11, so (w,i+1) =1y (by induction hypothesis),
(w,1) = X1.
() ’QZJ = 1/)1U’(/J22 Then either 77[}2 € Bl or (’(/Jl € Bz and ’(/JlUwQ € Bi+1).
From Inf(ByB; ...) N Fy,uy, * 9, we know
dj:j >4 YoeBjand Vk:i<k<j. Yy € By.
By induction hypothesis, (w,j) = ¥2 and Vk:i <k <j. (w, k) = ;.
We deduce that (w,) E 11 Uts.

13 / 35
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From LTL to GBA: An example

Let o = G(p — Fq) = = (true U-~(-pV Fq)).

Wl s

Frq = {Bo, B1, B2}

Fﬁcp:(Bow-«aBS}

B,

P q

true, Fq

-pV Fq
®
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CTL

Syntax:
p=p(peAP) | @1V 2| ~p1 | EX1 | AXp1 [ EgiUps | Ap1Usps
Semantics:
Given a Kripke structure S = (S, AP, —,I, L) and a CTL formula ¢,
o (S,s)Epiff pe L(s),
o (8,8)Ep1 Vo iff (S8,8) E ¢y or (S,s) E pa,
o (S8,5) E —py iff not (S,s) E oy,
o (S,s) E EX ¢y iff there exists s’ s.t. s » s" and (S,s") = ¢,
o (S,s5)E AXpq iff for all §" s.t. s > &', it holds (S, ") & ¢1,
o (8,s) E Ep1Uqpy iff there exists a path 7 of S starting from s s.t.
mE o1Upa,
o (S8,8) E Ap1Ups iff for every path 7 of S starting from s, 7 E @1 U o,

where i p1Upsg iff 3020, (S,7(3)) e and V5:0<j <4, (S,7(4)) E ¢1.

S E @ iff for every sg € I, (S, s0) E .
Example: AFq, AG(p -~ AFq).

Zhilin Wu (SKLCS) Automata and model checking April 17, 2013
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Positive normal form (PNF) of CTL

Recall: R (Release) operator, p1Rps = =(—p1U-p2).
Let w € (247)% and ¢, Rps be a LTL formula, then (w,i) & o3 Ry iff

e cither for every j:i <74, (w,j) E @,
@ or there exists j:i<j s.t. (w,j) =1 and for every k:i <k < j,
(w, k) E po.
Fact. ~(p1U¢p2) = (~p1) R(~p2) and ~(p1Rp2) = (~p1)U(=p2).
Positive normal form for CTL:
_ true| false|p|-pleivea|p1Ags [ EXer | AX ¢ |
EpUps | Ap1Ups | Ep1 Rpa | Ap1 Reps

Proposition. Every CTL formula can be transformed into an equivalent
formula in positive normal form.

The idea: Push - to the front of atomic positions.
For instance, ~(Ep1Up2) = A(~¢1)R(~p2), ~(Ep1Rp2) = A(-p1)U(-p2). O
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Alternating automata over binary trees

A notation:

Let X be a finite set. Then B*(X) is the positive Boolean combinations
of elements of X, formally,

pi=true| false|x(z e X) | p1 V2| w1 Aps

An alternating Biichi automaton over infinite binary trees (ABTA) A is a
tuple (Q,247 .6, qo, F), where

e ,qo, F' are similar to those of nondeterministic Biichi automata,

0 5CQx 27 5 B ({0,1} x Q).
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Alternating automata over binary trees

A notation:

Let X be a finite set. Then B*(X) is the positive Boolean combinations
of elements of X, formally,
pi=true| false|x(z e X) | p1 V2| w1 Aps
An alternating Biichi automaton over infinite binary trees (ABTA) A is a
tuple (Q,247 .6, qo, F), where
e @, qo, I are similar to those of nondeterministic Biichi automata,
o §€Q X217 > B ({0,1} x Q).
A run of a ABTA A =(Q,24%,8,qo, F) over a binary tree t = (D, L) is an
infinite tree 74,4 = (D, L, ), where D, € N* is a tree domain and
L, : D, - D x @ satisfying the following conditions.
Vye D, st. L.(y) =(z,q) and 6(q, L(x)) = 6.
Then there is S = {(bo,90), -, (bn,qn)} €{0,1} x Q s.t.
SEO, and Vi:0<i<n, yie D, and L.(yi) = (xb;,q;).

In particular, if §(q, L(z)) = true, then S can be empty.
A run r 4, is accepting if for every infinite path 7 in r 44, Inf(L,. (7)) n F + @.
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ABTA over binary trees: Example

AG(p1 — AFps)
A= (Q,2Pp2} 5, q0, F) 4
Q=A{qp.a}  F={aw}
5(%,@)
aao. =) = (0, qo) A (1, q)

(g0, {p1: p2})

(g0, {p1}) = (0,90) A (0,q1) A (1,90) A (1, 1)

3(q,0)
=(0,q1) N (1
d(q1, {p1}) ( ’ql) ( 7q1)

3(q1, {p2}) = d(ar, {p1, p2}) = true

(000, go)
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Finitely-branching trees

Recall: A tree domain D ¢ N* s.t.
@ VxieN* if xie D, then x € D as well,
o VaxieN* if wie D, then xje D for every j:0<j <.
A tree domain D is finitely branching if
VeeD,IneN st Ym>n, am ¢ D.
A finitely-branching tree t over 247 is a pair (D, L) s.t.

D is a finitely branching tree domain and L: D — 247,
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Alternating automata over finitely-branching trees

Transition conditions over Q (TC®):

o true, false e TC?,

° Vpe AP, p,-peTCO,

o for every q1,¢2 € Q, q1V q2,q1 A g2 € TC?,
for every q € Q, ¢, Oq,0q € TC.
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Alternating automata over finitely-branching trees

An alternating Bichi automaton over finitely-branching trees (ABTA) A is a
tuple (Q, 24,6, qo, F) where 6: Q - TC®.

A run of an ABTA A over a (finitely-branching) tree t = (D, L) is a winning
strategy for Player 0 in the Biichi game G = (Vy, Vi, E, F u{g¢r}), where

e Vo DxQu{gr}st. greVp,and o Vi cDxQu{q,} s.t. g €Vq, and
(z,q) € Vp iff (z,q) € V7 iff

e 5(q) = false, or
o 5(q)=pandp¢L(z), or
e §(q)=-pand pe L(x), or

0(q) =true, or

0(q) =p and p e L(x), or
6(q) =-pand p ¢ L(z), or

° d(g)=q,or e 6(q)=qi1 Age,or
0 0(q) =q1 Vg2, or e §(¢)=0q.
° d(q) =04
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Alternating automata over finitely-branching trees

An alternating Bichi automaton over finitely-branching trees (ABTA) A is a
tuple (Q, 24,6, qo, F) where 6: Q - TC®.

A run of an ABTA A over a (finitely-branching) tree t = (D, L) is a winning
strategy for Player 0 in the Biichi game G = (Vy, Vi, E, F u{g¢r}), where

o F is defined as follows: (q.,q.),(¢r,qr) € E, and for every (x,q) € Vou Vq,

o if 5(q) = false, or 6(q) =p and p ¢ L(x), or §(q) = -p and p € L(x), then
((xaq)aql) EE7

o if 5(q) =true, or 6(q) =p and p e L(z), or §(q) =-p and p ¢ L(z), then
((x7q)aqT) 6E7

o if 6(q) = ¢, then ((x,q),(x,q)) € E,

o if 6(‘]) =q1VQq2 (OI‘ qi A q2)7 then ((x7Q)7 (JJ,Q1)), ((I7Q)7 (1"7(12)) ek,

e if §(q) = &g’ (or Oq’), then for every children zi of x, ((z,q), (zi,q")) € E.

Remark: (V,V;, E) defined above may not be a bipartite graph.

Acceptance:

A accepts t iff Player 0 has a winning strategy in G starting from
(57 qO)
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ABTA over finitely-branching trees: Example

AG(p1 — AFps)
=(Q, 212}, 6, g9, F)

Vo
" (e.43) a Q = {00, 01,92, 43,04, G5, 36} F = {qo}
Ve 14 _ _
EVI /(a W et —ar g((qo)) aANg 6(@)=aGVa
) N v Ew— 0 ©2) =00 b(gs) =—p
AR Vi Vo 5(g1) = a5V a6 6(qs) = po
(Ovo : 0(qs) =0 a4
{p1,p2} Vo s q‘j
0.1 ¥ . Vi
o Q@ \K(U’;)/(O,%) qL /«(00,1]5) —
2 " . X(o{/%)_(oo,q‘l)\(oo‘qﬁ) Vo
(0, f12<(00,q0) ! Yo (01' )— qT
01,q1) =7 " B
{p1pe} (g} (0‘1/(10) (Vbq;l)\(ol‘qs)
NG Vi Vi
{p1} {32} 01 ©) (OLa < (01,43) qr
0 01 01 ) a7
{p1p) N Vi (010,40) 2 ot ey — (010,41) -+
b2 Yo 14 Vi Vo

(010,¢1) (010, ¢2)

LA
(010,g3) (010, g4)

{p2}

{p2}

qr
April 17, 2013
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Unwinding of Kripke structures

Let § = (S,AP,—,{so}, L) be a Kripke structure.
Vs e S, let suc(s) denote the set of successors of s.
Moreover, we assume that the states in suc(s) are ordered.

S can be seen as an infinite tree T's = (Dg, Ls) as follows.
o Ls(e) = so,
o for every y € Dg, if Ls(y) = s and suc(s) = {sp,...,s}},
then for every i : 0<i <k, yi € Ds and Ls(yi) = s}.
We can also view Ts as a tree over the alphabet 247
Replace Ls(y) = s with Lg(y) = L(s).
Example: 50

e O
& i
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ABTA interpreted over Kripke structures

Suppose A = (Q,247,6, ¢, F) be an ABTA over finitely-branching trees and
S = (S, AP,—,s0, L) be a Kripke structure.

A run of A over S is a run of A over Ts.

As a matter of fact, a run of A over S can be defined by the winning strategies
of Player 0 in the Biichi game G’ = (Vy,V{, E’, (S x F)) u{qr}), where
o VjcSxQu{gr}and V{ € SxQu{q } are defined similar to V5 and V; in
g,
e F is defined as follows: (¢,,q.),(qr,qr) € E, and for every (s,q) € Vj uV{,
o if §(q) = false, or 6(q) =p and p ¢ L(s), or 6(q) = —p and p € L(s), then
((87 q)7 qJ.) € Ea
o if 5(q) =true, or 6(q) =p and p e L(s), or (q) =—-p and p ¢ L(s), then
((87 q): qT) € E7
o if 6(q) = ¢, then ((s,9),(s,4")) € E,
o if 6(q) =q1VQq2 (OI‘ q1 A q2)a then ((57(1)7 (qul))? ((S7Q)7 (5,(]2)) € E7
e if §(q) = &g’ (or Oq’), then for every successor s” of s, ((s,q),(s',q")) € E.
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TA over Kripke structures: Example

N AG(py — AFp,)
— A =(Q, 22} 5,40, F)

= {490, 91,92, 43, 41, G5, 46} F = {q0, @2}
(QO) =A@ i@a)=aVa

@ 0(g2) = om0  8(gs) = —m
((114)) 45V a6 0(gs) = p2

d(gs) =04
qT.
Vo
Vo (s0,43)
Vi
v (s0,01) (50, 45) ‘ID
/ \VL‘(SD ) W Vo

(s040) (50 q6 ->(81 !14)4>(81 g5)

(50 112) sl,qu) ,
\ (51 q3 ( Vi )
/s -~ s2,q1) X7 B 05

(s1,q1)

141
(51,42)
141
(82, 40)
Vi / Vo
(s2,02) (52, q1) v (52,43)
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Weak alternating Biichi tree automata (WABTA)

A WABTA A (over Kripke structures) is a ABTA (Q,247,6,qo, F) s.t.
e () is partitioned into n pairwise-disjoint subsets Q1, ..., Qn,
o there is partial order < among Q1,...,Q, s.t.
VgeQi,q €Qy, if ¢’ occurs in §(g), then Q; < Q;,
o for every Q;, either Q; S For Q;nF =@.

Observation.
Every infinite path in a run finally get trapped in some @);.
The infinite path satisfies the acceptance condition iff Q); € F'.

Example:

The ABTA A for AG(py - AFp2) is in fact a WABTA:
© 0(q0) = q1 A ga, 6(q1) = g3V qa, 6(g2) = 0(q0), 6(g3) = -p1,
° 0(q4) = g5V g6, 6(g5) = p2, 6(g6) = O,
o F'={qo,q2}

The partition and the partial order:

_ _ Qs ={gs}
Q1=1{q0,3}2Q2={a} 2 Q4 = {q4726} 23&25 = {gs)
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CTL model checking: Automata-theoretic approach

W.lo.g. in CTL model checking problem for S = (S, AP,—,I,L) and ¢,
we assume that [ is a singleton.
Automata-theoretical approach to CTL model checking:
Let S = (S, AP,—, sg, L) be a Kripke structure and ¢ be a CTL formula.
@ construct a WABTA A, = (Q, 24P 5. qo, F) from ¢ in linear time,

@ construct the Biichi game G’ = (V§,V{, E', (S x F)u{g¢r}) in time
O([lAgl > [IS1D,

@ decide whether Player 0 has a winning strategy in G’ starting from
(s0,90) in time O(]|G"]]).
Remark: In the third step above, the fact that A, is a WABTA is used.

Therefore, by using automata-theoretic approach, we get the following result.

Theorem. Given a Kripke structure S and a CTL formula ¢,
the problem whether S E ¢ can be decided in time O(||S]| x |¢]).
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From CTL to WABTA

Proposition. Given a CTL formula ¢, a WABTA A, can be constructed in
linear time s.t. L(A,) is the set of Kripke structures satisfying ¢.

A, = (sub(gp),ZAP,é, qo, F'), where
® qo =, F={¢1Rips | 1R € cl()},

o {¢1} < {pa} iff 1 € sub(p2),
e and ¢ is defined as follows:

o O(true) =true, 6(false) = false,

5(p) =p, 6(-p) = -p,

6(p1V p2) = p1V P2, 6(p1 Ap2) = P1 AP,

6(EXp1) = O, 6(AX 1) = Do,

§(Ep1Up2) = p2 v (p1 AOEp1Up2), 6(Ap1Up2) = p2 v (p1 AOAP1U2),
§(Bp1Rp2) = 2 A (01 V OEp1Rp2), 6(Ap1Rpz) = p2 A (p1 vV OAp1 Rz ).

Remark: §(Ep1Ups) = o V (p1 A OEp1Ups) are abbrev. of transitions
§(Ep1Up2) =2V q, 6(q) =17 ¢, 6(q") = OEp1U o,
where ¢, q" are new introduced states in the same partition as Fy1Ups. ]
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The special structure of Biichi game G’

Let S = (S, AP, —, s9, L) be a Kripke structure and A, = (sub(y), 24P 5. qo, F)
be a WABTA.

The special structure of A, induces a special structure of the game
G'=(Vg, VI, E", (S x F)u{gr}):

o VjuVy can be partitioned into (S x {%})yesub(e)> {41}, {a7}

o Sx {1} <Sx{o} i {th1} <{Wa}, VY e sub(p),qr,q. <5 x{¢},

e E' is non-increasing wrt. <.

Weak Biichi game:
A Biichi game (Vp, V1, E, F) is weak if Vo u V] can be partitioned into
subsets V{,...,V, s.t.

o VgeV/,q' €V]. (¢,q') € E implies V} < V.
o Vi. either V/ ¢ For V/nF =g.

Theorem. Weak Biichi game can be solved in linear time.
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Solving weak Biichi game in linear time

Theorem. Weak Biichi game can be solved in linear time.

Let G = (Vo, V1, E, F') be a weak Biichi game with partitions V..., V/.
W.l.o.g. we assume that

e for every ve Vou Vi, vE + @,
o for every 4,7, if V' >V}, then i < j.
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Solving weak Biichi game in linear time

Theorem. Weak Biichi game can be solved in linear time.

Proof.
Let G = (Vo, V1, E, F) be a weak Biichi game with partitions V..., V.

The algorithm.
Compute I: Vo uVy — {true, false} as follows.

Initially, set I(v) =1 (undefined) for every v e VouVy.
For i from n to 1, do the following computation.
Q@ For everyv e V! s.t. I(v) = L, set I(v) =true iff V/ c F.

(2
@ Repeat the following procedure until I(v)’s no more updated:
For every veVyuVy,

o ’UEVo.'

e if 3 a successor of v, say v', s.t. [(v') =true, then set I(v) = true,
o if every successor v’ of v satisfy I(v') = false, then set I(v) = false.

° 'UGVl.'

o if 3 a successor v’ of v satisfy [(v') = false, then set I(v) = false,
o if every successor v’ of v satisfy I(v') = true, then set I(v) = true.

Claim. Player 0 has a winning strategy in G starting from gqo iff I(qo) = true.
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Solving weak Biichi game: Example

F={q ¢} (e}
q3
Q1 =A{a0, 0} > Q:={a} >
G =l 2 Q= o) 2 o= lo) > 05— o)
i 2 vy % Vs ={a1}
% Vi ={qr}
i=7 true Q
qT.
Vo
Ve (So-,tqs)
(s0:q1) Vol Q
i v \(%MM) Vo -
(505 90) A (s, qa)*(ﬁ,qz;
LY Vi
(907112) 81,(10)
9 q Vl
Y 1,03 v (s2,45)

(51,q1) (52, 496),
Vi
(51,42)

|4

(s2,90)

Vi a7 1%

(s2:@2) (s, q,)— (52,03)
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Solving weak Biichi game: Example

F={q ¢} (e}
q3
Q1 =A{q, ¢} > Q= {q} >
v ’ v Q ={a1,8} > Qs = {g5}
i 2 vy % Vs ={a1}
VZ V7’ ={q1}
i=7 true Q
qT.
Vo
Ve (So-,tqs)
Vot
v /(50741)\ Q[[; ) (IQ
(505 90) \ (s0, qa)*(ql,(h $
LY Vi
(907112) 81,(10)
n v, true
Ve 17113 7 _ ¥ (s2,45)
(s1,q1) - (52 46)
4
i
(51,42)
|4
(52, 90)

i / Vo
(52:02) (5, qy)—9 (s2.43) tTuC
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Solving weak Biichi game: Example

F={q, ¢} )
qs
Q1 =A{q, ¢} > Q= {q} >
v ’ v Q ={q, ¢} > Qs = {¢s}
i 2 vy % Vs ={a1}
V4/ V7’ ={q1}
i=7 true Q
qT.
Vo
Ve (So-,qu)
Vo Ut
v /(50741)\ Q[[; o (IQ
(0, 90) \ (s0, qe,)»(el,ru
LY Vi
(907‘]2) SlaQO)
n i true
Vo 17‘15 % (s2.05)

(52, 46)
1

(s1,q1)

Vi
(s1,42)
|4
(52, 90)
i / Vo
(52:02) (5, qy)—9 (s2.03) true
true
April 17, 2013
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Solving weak Biichi game: Example

F= {QOMIz} { }
qs
Q1 ={q, ¢} > Q:={a} >
@l = Q= tad = o= laom) 2 0o (0
i 2 vy % Vs ={a1}
A Vi ={qr}
=7 true Q
qT.
Vo
Vo f,u(/'< 0-;13)
(s0:q1) Vo T Q
Vi Pl ’ 1\ (50, 4) =

(50, q0) \ (0, qe,)»(el,ru

\(907‘]2) SlaQO) "
qh% i true
Vo )/(327%)
(s1,01) true ™ (52,00) e

1

Vi
(s1,42)
|4
(52, 90)
i / Vo
(52:02) (5, qy)—9 (s2.03) true
true
April 17, 2013
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Solving weak Biichi game: Example

F= {QOMIz} { }
q3
G =l = Q=) = 0= la > 0o T}
1 2 v 1% Ve ={aqr}

Vi ={qr}

(s0:q1) Vs
Vi g \ (50, qa) v, true
(807%)\ \ (s0, qa)*(ﬁ,qz;
Vi
(907112) 81,(10) '
n v, true
Vo 17‘15 )/(327%)
(s1,q1) true\‘ (s2,06), true
1
i
(51,42)
|4
(52, 90)

Vi s\,
(52:02) (5, qy)—9 (s2.03) true

true
April 17, 2013
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Solving weak Biichi game: Example

F={q, ¢} 0 — ()
_ _ 3 =143
g/l = {QquZ} > 8,2 = {QI} > Q4= {q4,q6} > Qs = {qs}
i 2 vy % Vs ={a1}

Vi ={qr}

v, true
)/'(82&15)

(s2,06), true
1

(52:02) (5, qy)—9 (s2.03) true

true
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Solving weak Biichi game: Example

F={q, ¢} 0 — ()
_ _ 3 =143
g/l = {QquZ} > 8,2 = {QI} > Q4= {q4,q6} > Qs = {qs}
i 2 vy % Vs ={a1}

Vi ={qr}

v, true

)/'(82&15)

M (52,46), true
Vi

1

|4
(52, 90)

i / Vo
(52:02) (5, qy)—9 (s2.03) true

true
April 17, 2013
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Solving weak Biichi game: Example

F= {QOMIz} 0 { }
_ > _ S w3 T qs
Gliad = @202 ol w) > Q= o)
i 2 v v Vi =1{a1)
Vi Vi ={qr}
1=6 true Q
qT.

V, false

v, true
)/'(82&15)

true (s2,06), true
1

(52:02) (5, qy)—9 (s2.03) true
true
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Solving weak Biichi game: Example

F={q ¢} ()
3 =143
Qr=Aa0e} 2 Qo ={a} 2 Qs =1{q1,%} > Q5 = {g5}
1 4 - ’ - -
Vi Vs V4 )% Ve ={qr}
Vi Vi ={qr}
=1 true Q
qT.
v, false
e Ve true_y(50:43)
rue (o) Vo tyH Q
0, q1
(50 TR 2 fal
) alse
" Wi Vi true
(50, 42) —(s1, q0)
true true Vo

Vo /v(slyqsl)
(s1,q1) fa se
true p true
1
Wi true

(51,42)

v, true
(s2,90)
" Vo
,(,fi’em (52, q1)— (s2,43) true
true
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What remains ...

Applications to XML document processing
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