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Motivation

Motivation

Regular Language:

» Right-linear grammar (left-linear grammar)
» NFA

> Regular expressions

Visibly Pushdown Languages:

» Visibly pushdown grammar
» VPA

> 7
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Visibly pushdown languages Pushdown Alphabet

Pushdown Alphabet

A pushdown alphabet Y = {Zcalt, Lret, Lint }:

> > ..y : a finite set of calls, using symbols like ¢, ¢, ¢, . . ..
> Y, : a finite set of returns, using symbols like r, ri, r, . . ..

> Y : a finite set of internal actions, using symbols like [J, [y, s, . . ..
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Visibly pushdown languages Pushdown Alphabet

Pushdown Alphabet

A pushdown alphabet Y = {Zcalt, Lret, Lint }:

> > ..y : a finite set of calls, using symbols like ¢, ¢, ¢, . . ..

> Y, : a finite set of returns, using symbols like r, ri, r, . . ..

> Y : a finite set of internal actions, using symbols like [J, [y, s, . . ..

Y =Yy UX et UX s is the support of T
We use 0,071, ... for arbitrary elements of ¥.
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Visibly pushdown languages Visibly Pushdown automata and Visibly Pushdown Languages

VPA and VPL

A Nondeterministic Visibly Pushdown Automaton on finite word (NVPA)
over ¥ = {X oty Lret, Lint } is a tuple P = (Q, qin, I, A, F), where:

» Q: a finite set of (control) states;

v

gin € Q: the initial state;
» F C Q: a set of accepting states;
AC(QXTeanx @XT)U(Q X Tyee x (TU{L}) x QQU(Q X Ljnt x Q)

v
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Visibly pushdown languages Visibly Pushdown automata and Visibly Pushdown Languages

VPA and VPL

Configuration: (g,0) st. g€ Q and S e I* - {L}.

On—1

Run 7 of P over 01...0,-1 € £*: (g1, 1) ST N (gn, Bn)

» (gi, Bi): Configuration for all 1 < < n;
» The following conditions hold for all 1 </ < n:

» Push If ¢; is a call, then for some v € T, (gi, 0/, git1,7) € A and
Bit1 =7 Bi.

» Pop If g; is a return, then for some v € TU{L}, (gi,0:,7, gi+1) € A,
and either v #1 and 8; =y - Biy1, ory=1 and 8; = Bix1 =1L.

» Internal If o; is an internal action, then (g, 0, giy1) € A and

Bit1 = Bi.
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Visibly pushdown languages Visibly Pushdown automata and Visibly Pushdown Languages

VPA and VPL

For 1<i<j<n, m=(q,06)>... SN (gj, Bj) is a subrun of 7.
The run 7 is initialized if g1 = g, and 51 =L.

The run is accepting if g, € F.
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Visibly pushdown languages Visibly Pushdown automata and Visibly Pushdown Languages

VPA and VPL

For 1<i<j<n, m=(q,06)>... SN (gj, Bj) is a subrun of 7.
The run 7 is initialized if g1 = g, and 51 =L.

The run is accepting if g, € F.

L(P): {w € X¥| there is an initialized accepting run of P on w}.

L C ¥*is a visibly pushdown language (VPL) with respect to Y
IP over X s.t. L= L(P).
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Visibly pushdown languages Visibly Pushdown automata and Visibly Pushdown Languages

VPA and VPL

The visibly pushdown automata on infinite words (w-NVPA):
> Biichi w-NVPA over ¥: P = (Q, gin, T, A, F).
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Visibly pushdown languages Visibly Pushdown automata and Visibly Pushdown Languages

VPA and VPL

The visibly pushdown automata on infinite words (w-NVPA):

> Biichi w-NVPA over ¥: P = (Q, gin, T, A, F).
» Run 7 over an infinite word o107 ... € X¥: (q1, 1) 2, (g2,62). ...

» The run is accepting: for infinitely many i > 1, q; € F.
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Visibly pushdown languages Visibly Pushdown automata and Visibly Pushdown Languages

VPA and VPL

The visibly pushdown automata on infinite words (w-NVPA):
> Biichi w-NVPA over ¥: P = (Q, gin, T, A, F).
» Run 7 over an infinite word o107 ... € X¥: (q1, 1) 2, (g2,62). ...
» The run is accepting: for infinitely many i > 1, q; € F.

> w-language of P: infinite words w € ¥*“ s.t. there is an initialized
accepting run of P on w.

> w-language L is an w-visibly pushdown language (w-VPL) with
respect to X:

there ia a Biichi w-NVPA P over ¥ such that £ = L(P).
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Visibly pushdown languages Matched calls and returns

Matched calls and returns

Fix a pushdown alphabet Yy = :[Van/,, Y ety Zint }-
The well-matched words WM(X) is defined as:

» ¢ € WM(X);
» O -we WM(X), if 0 i and w € WM(X);
»cow-r-w € WM(E), if ¢ € Sea, 1 € Ler, and w, w’ € WM(E).
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Visibly pushdown languages Matched calls and returns

Matched calls and returns

Fix a pushdown alphabet Yy = :[Van/,, Y ety Zint }-
The well-matched words WM(X) is defined as:

» ¢ € WM(X);
» O -we WM(X), if 0 i and w € WM(X);
»cow-r-w € WM(E), if ¢ € Sea, 1 € Ler, and w, w’ € WM(E).

The minimally well-matched words MWM(Z) is defined as:
c-w-r,ifce€Xqy, r€ L, and w € WM(L).

For a language £ C ¥*, MWM(L)%EL N MWM(E).
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Visibly pushdown languages Matched calls and returns

An example

Example
Let Yoy = {c}, Lt = {r}, and L,y = {O}. Consider

3
w = ¢ ¢ 4 ¢ @1 r ¢ r [ r
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Visibly pushdown languages Matched calls and returns

An example

Example
Let Yoy = {c}, Lt = {r}, and L,y = {O}. Consider
1 2 3 4 5 6 7 8 9 10
w = ¢ ¢ 1 c¢c [ r o r

L U

Note that w is not well-matched.
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Visibly pushdown languages Matched calls and returns

An example

Example
Let Yoy = {c}, Lt = {r}, and L,y = {O}. Consider
1 2 3 4 5 6 7 8 9 10
w = ¢ ¢ 1 c¢c [ r o r

L U

Note that w is not well-matched.
The subword w(2]...w[10] is minimally well-matched.
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Visibly Rational Expressions (VRE) Definitions

M-substitution

Definition
(M-substitution) Let w € X*,0 € ¥, and £ C £*. The M-substitution
of O by £ in w, denoted by w v~g L, is defined as follows:
» &g LL )
» (O-w) g LLEEMWML) - (W o £)) U (({3YN L) - (w o L))
> (0-w) g LLL{5} - (W Ao L)) for each 0 € ¥\ {O}.
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Visibly Rational Expressions (VRE) Definitions

M-substitution

For two languages £,£' CY* and O € XLy
M-substitution of O by L' in L:

L~ L2t U w g L
weL

If {0} N £ =0, then {0}~ £ = MWM(L).
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Visibly Rational Expressions (VRE) Definitions

An example

Example

Let Yo = {c1, @}, Lrer = {r}, and Xy = {O}.
L={c00r"|n>1} and L' = {c}* - {r}*.
Then £ g L' =7.

May 20, 2013 21/ 85
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Visibly Rational Expressions (VRE) Definitions

An example

Example

Let Yo = {c1, @}, Lrer = {r}, and Xy = {O}.
L={c00r"|n>1} and L' = {c}* - {r}*.
Then £ ~g L' = {c]crmckrkr|n, m, r > 1}.
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Visibly Rational Expressions (VRE) Definitions

Associative

Theorem
¥\ Is associative.

Theorem
IfO¢ L(L), MWM(L) v~g L = MWM(L g L")
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Visibly Rational Expressions (VRE) Definitions

Associative

Theorem
¥\ Is associative.

Theorem
IfO¢ L(L), MWM(L) v~g L = MWM(L g L")

Proof.
(C) Let w € MWM(L') ~g L.

drwic € MWM(L') s.t. wy is well-matched and w € c(wy v L”)r.
wy is well-matched

= w g L” are also well-matched

= C(Wl O L”)r - MWM(L/ 1\ L”)

=w e MWM(L g L").
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Visibly Rational Expressions (VRE) Definitions

Associative

Theorem
¥\ Is associative.

Theorem
IfO¢ L(L), MWM(L) v~g L = MWM(L g L")

Proof.
(2) Let w € MWM(L' ~g L").

drwic e L' st. w e ¢(wy v L”)r, and wy v L” are well-matched.
= wy is well-matched

= cwyr € MWM(L')

=w e MWM(L") g L".
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Visibly Rational Expressions (VRE) Definitions

M-closure and S-closure

Definition
(M-closure and S-closure) Given £ C ¥* and OJ € ¥;,¢, the M-closure of £
through [, written by £7°0, is defined as:
Lo Lag(Lu{0}) ~a... oo (LUf{O}).

n>0

n occurrences of ~q
The S-closure of £ through O, written by £°9, is defined as:
L0 2L pwm(L) o,
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Visibly Rational Expressions (VRE) Definitions

M-closure and S-closure

Definition
(M-closure and S-closure) Given £ C ¥* and OJ € ¥;,¢, the M-closure of £
through [, written by £7°0, is defined as:
Lo Lag(Lu{0}) ~a... oo (LUf{O}).

n>0

n occurrences of ~q
The S-closure of £ through O, written by £°9, is defined as:
L0 2L pwm(L) o,

Relations of the operators:
L0 = L ~g (L0 U {0O}).
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Visibly Rational Expressions (VRE) Definitions

An example

Example

Let Xcan = {C17 C2}: Yt = {r17 rz}, and Xt = {D}
L={0,aq0n,c0r} and L = {cn,cn}.

Then £°0 ~g L' =7.
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Visibly Rational Expressions (VRE) Definitions

An example

Example

Let Xcan = {C17 C2}: Yt = {r17 rz}, and Xt = {D}
L={0,aq0n,c0r} and L = {cn,cn}.

Then £70 g L = {C,'IC,'2 .. Cipliy r,-2r,-1]n >1,i,...,Ip € {1, 2}}
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Visibly Rational Expressions (VRE) Definitions

An example

Example

Let > oy = {C17 C2} 2 et = {r17 r2} and Xjpe = {D}
L={0,aq0n,c0r} and L = {cn,cn}.

Then L0 ~g L' ={cicip ... Ciptiy---tiptiy|n > 1,11, ...,in € {1,2}}.
There is no regular expression E s.t. L(E) = L2 g L'

Pumping Lemma

May 20, 2013 30 /85
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Visibly Rational Expressions (VRE) Definitions

An example

Example

Let Xcan = {c1, 2}, Trer = {r1, 12}, and Zjpy = {00},
L={0,aq0n,c0r} and L = {cn,cn}.

Then £70 g L = {C,'IC,'2 .. Cipliy r,-2r,-1]n >1,i,...,Ip € {1, 2}}
There is no regular expression E s.t MWM(L(E)) = L7 g L?

May 20, 2013 31/85
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Visibly Rational Expressions (VRE) Definitions

An example

Example

Let > = {C17 C2} 2 et = {r17 r2} and X = {D}
L={0,aq0n,c0r} and L = {cn,cn}.

Then L0 ~g L' ={cicip ... Ciptiy---tiptiy|n > 1,11, ...,in € {1,2}}.
There is no regular expression E s.t MWM(L(E)) = L7 g L?

Suppose N' = (Q,X,8, qo, F) s.t. MWM(L(N)) = L0 o~ L.
Let n = , {C,'IC,'Z...C,',,lc,'/ € {1,2}}| =2".

{d'|q" € Q and §(qo, cic,---¢i,) =q'} C Q.

JciCiy - - - iy, Gy Gy - - - Cit St 0(qo, €4 Ciy - - - Ciy) = 6(qo, CiyCy - - Ciy).-

Since i Ciy . . . Ciyliyliy_y - - -1y € LIN) and cizciy ... cipryry ... ry € LIN),
CinCiy - - Cigliglyr_ .. iy € LIN).
Hence, cici, ... ciyriry ... ry € MWM(L(N)), but

o

2 !
CinCiy - Cinlighit_ + - 1y ¢ L8 g L.
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Visibly Rational Expressions (VRE) Definitions

Closure property

Theorem
Let P =(Q,qin,T,A,F) and P' =(Q', q.,,T", A’ F") be two NVPA over
>, and J € X;,:. Then, one can construct in polynomial time:

» 1. an NVPA accepting (L(P))°0 with |Q| + 2 states and
IT| - (|Q| 4+ 2) stack symbols.

» 2. an NVPA accepting L(P) o L(P') with |Q| + |Q'| states and
IT| + || - (]Q| + 1) stack symbols.

» 3. an NVPA accepting (L(P))"C with 2|Q| + 2 states and
2|IT' - (|Q| 4+ 1) stack symbols.
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Visibly Rational Expressions (VRE) Definitions

Closure property: Construction

Proof.
At first, we show how to construct an NVPA P’ = (Q',q.,.T ur, A, F')
accepting MWM(L(P)). P’ is defined as follows:

» Q' ={q,,9r}UQ.

> F'={qr}.
B A/ = (A U ({(q,{,,, a, q/ﬂ$)|(qi”ﬂ g,q, '7) S A; and o S anll}
U{(qaga//y\7 Qf)|(QaUa’77 ql) S Aa q1 S Fa and (S Zret})
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Visibly Rational Expressions (VRE) Definitions

Closure property: Construction

1, The NVPA P" =(Q',q,,T", A", F'), accepting (L(P))"7, can be

constructed as follows (Suppose L(P") = L(P) N MWM(X)):

» " =TUTUQxT.
> A — A/
U{(qh g, g3, (q27’/y\))|(qla Da q2) € AI(D S Zinl‘)a
(q:{nv g, %ﬁ) € A/, and o € Z/call}
U{(q; a, (q2;§); q2)|(q7 g, ﬁa qf) € Ala and o € z/ret}
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Visibly Rational Expressions (VRE) Definitions

Closure property: Construction

2, An NVPA P" = (Q2, Gin, T2, A2, F), accepting L(P) g L(P'), can be
constructed as follows (Suppose L(P') C MWM(X), QN Q' =0,
and NI = 0):
> Q=QUE
»Mr=Turu@xr’
> Az = (A\{(q1.0, q2)lq1, g2 € Q})) U A’
U{(a1,0, a3, (g2,7))[(q1, 0, q2) € A, (i, 0,93,7) € Ayand 0 € Tean}

U{(q7 (CI27 ) q2)|(q,0', //y\a qf) € Ala Q> € Qy and o € Zrel‘}
U{(qla Da q2)|(q15 Da CI2) S Aa (q,{na Da q) S Ala q S F/}

Ping Lu (ISCAS)
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Visibly Rational Expressions (VRE) Definitions

Closure property: Construction

3, An NVPA P" = (@2, qin, T2, D2, F), accepting (L(P))"7, can be

constructed as follows (Suppose L(P') = L(P) N I\/IWI\/I(f), RNQ =10,
and NI = 0):

» L =QUQ
» HL=TUTUQxTUQxXT
> Ao =AUA

2)

U{(qua as, (qZ’ )|(q1’|:|’ q2) € A7 (qll'n70-7 q3a77\) € Al7and o & ZIcall}
U{(quo q3, (an ))l(qlaDa q2) S AI7 (q,{naga q37’Y) S Alaand (OS] Z::.;II}
Ul(q. 0, (92,7), 42)I(q,0,7,qr) € A and 0 € T7;}
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Visibly Rational Expressions (VRE) VRE and Equivalence Between VRE and NVPA

Definition N

(VRE). The syntax of VRE E over the pushdown alphabet ¥ is defined as:
E=0l|c|o|(EVE)|(E-E)|E" | (EngE) | EOC | E7

where 0 € ¥ and [ € ¥ ;.
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Visibly Rational Expressions (VRE) VRE and Equivalence Between VRE and NVPA

VRE

Definition N
(VRE). The syntax of VRE E over the pushdown alphabet ¥ is defined as:
E=0lc|o|(EVE)|(E-E)|E" | (EngE) | EOC | £

where 0 € ¥ and [ € ¥ ;.

A pure VRE is defined as:
E=0lc|o|(EVE)|(E-E)|E" | (EngE)| E

where 0 € ¥ and [ € ¥ ;.

39 / 85
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Visibly Rational Expressions (VRE) VRE and Equivalence Between VRE and NVPA

VRE

Definition N
(VRE). The syntax of VRE E over the pushdown alphabet ¥ is defined as:
E=0lc|o|(EVE)|(E-E)|E" | (EngE) | EOC | £
where 0 € ¥ and [ € ¥ ;.
A pure VRE is defined as:
E=0lc|o|(EVE)|(E-E)|E" | (EngE)| E
where 0 € ¥ and [ € ¥ ;.

The language £ of a VRE E is defined as:

(1) L(0) =0, L() = {e}, and L(c) = {c} for each o € ¥;

(2) ,C(El U E2) = E(El) U ,C(EQ), /.:(El . E2) = ,C(El) . E(EQ), and
L(E") = L(Ey)";

(3) L(E~LE) = L(E1) ~o L(E2), L(EZY) = [L(E1)]°7, and
L(ETP) = [L(E)°
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Visibly Rational Expressions (VRE) VRE and Equivalence Between VRE and NVPA

VRE

Definition N
(VRE). The syntax of VRE E over the pushdown alphabet ¥ is defined as:
E:i=01]c|o|(EUE)|(E-E)|E* | (E~gE) | E90 | E°C
where o € ¥ and OJ € X ;.
A pure VRE is defined as:
E:=0|c|o|(EUE)|(E-E)|E"| (E~gE) | EC
where 0 € ¥ and [ € ¥ ;.

The language £ of a VRE E is defined as:

(1) L(0) =0, L(g) ={e}, and L(o) = {o} for each 0 € ¥;

(2) ,C(El U E2) = E(El) U ,C(EQ), /.:(El . E2) = ,C(El) . E(EQ), and
L(E*) = L(E1)";

(3) L(E~E) = L(E) o L(E2), L(E) = [£(E)]S, and

L(E™D) = [L(E)"°

Since £70 = £ (L7 U {0}), pure VRE and VRE capture the same
class of languages.

Ping Lu (ISCAS) Visibly Rational Expressions May 20, 2013 41 / 85



Visibly Rational Expressions (VRE) VRE and Equivalence Between VRE and NVPA

Succinctness of VRE

Theorem

There are a pushdown alphabet Y and a family {Lp}n>1 of regular
languages over ¥ such that for each n > 1, L, can be denoted by a VRE of
size O(n) and every regular expression denoting L, has size at least 2(").

Ping Lu (ISCAS)
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Visibly Rational Expressions (VRE) VRE and Equivalence Between VRE and NVPA

Succinctness of VRE

Theorem B

There are a pushdown alphabet ¥ and a family {L,},>1 of regular
languages over Y such that for each n > 1, L, can be denoted by a VRE of
size O(n) and every regular expression denoting L, has size at least 2(").

Thegrem
Let ¥ = (Xcan, Zret, {0O}) with Loy = {c1, 2} and et = {r1,n}. For

n > 1, any NFA accepting L, = {cici, ... Ci,fi, .- - liytiy|iL - in € {1,2}}
requires at least 2" states.

Ping Lu (ISCAS) Visibly Rational Expressions May 20, 2013 43 / 85



Visibly Rational Expressions (VRE) VRE and Equivalence Between VRE and NVPA

Succinctness of VRE

Theorem

Let X = (Tcan, Lret, {0O}) with Xy = {c1, 2} and Lyt = {1, n}. Forn>1,
any NFA accepting L, = {cici, ... Citi, - Fiptiy|i - - in € {1,2}} requires at least
2" states.

Proof.
Let L(N) = L, with |Q| < 2".
qo : the initial state.
Jci,ci, - . - Ciys CitCig + - - Cir S.t. i Cy ... G, #* CitCig - - Cit, and
(5((]0, CiCiy .« C,‘n) = (5((]0, C,-l/C,-Z/ e C,',/,) = (1.
If ciciy...Cifi, .- ritiy, € Ly, then 6(q1, i, ... ryri,) = g2, where g2 € F.
Hence cjrcy ... ciuri, ... ryriy € L, (Contradiction). O
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Visibly Rational Expressions (VRE) VRE and Equivalence Between VRE and NVPA

Succinctness of VRE

Theorem

Let X = (Tcan, Lret, {0O}) with Xy = {c1, 2} and Lyt = {1, n}. Forn>1,
any NFA accepting L, = {cici, ... Citi, - Fiptiy|i - - in € {1,2}} requires at least
2" states.

Proof.
Let L(N) = L, with |Q| < 2".
qo : the initial state.
Jci,ci, - . - Ciys CitCig + - - Cir S.t. i Cy ... G, #* CitCig - - Cit, and
(5((]0, CiCiy .« C,‘n) = (5((]0, C,-l/C,-Z/ e C,',/,) = (1.
If ciciy...Cifi, .- ritiy, € Ly, then 6(q1, i, ... ryri,) = g2, where g2 € F.
Hence cjrcy ... ciuri, ... ryriy € L, (Contradiction). O

1, L, can be expressed by the VRE of size O(n) given by
EnpEnp - iapE ~plaa-nUc-n), where E=(c-0-nUc-0-n).

n—1 times
2, Regular expressions can be converted in linear time into equivalent NFA.
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Visibly Rational Expressions (VRE) VRE and Equivalence Between VRE and NVPA

Properties of NVPA

Theorem (R. Alur and P. Madhusudan. Visibly Pushdown Languages. STOC 2004)
Let P = (Q, qin,T,A,F) and P' = (Q', q,,T", A, F") be two NVPA over
Y. Then, one can construct in linear time:

» 1. an NVPA accepting L(P) U L(P') (resp. L(P) - L(P")) with
|Q| + |Q'| states and |I'| + || stack symbols.

» 2. an NVPA accepting L(P)* with 2|Q| states and 2|I'| stack
symbols.
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Visibly Rational Expressions (VRE) VRE and Equivalence Between VRE and NVPA

VRE to NVPA

Corollary

Given a VRE E, one can construct in single exponential time an NVPA
accepting L(E).
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Visibly Rational Expressions (VRE)

NVPA to VRE

VRE and Equivalence Between VRE and NVPA

Theorem

Given an NVPA P, one can construct in single exponential time a VRE E
such that L(E) = L(P).
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Visibly Rational Expressions (VRE) VRE and Equivalence Between VRE and NVPA

NVPA to VRE

Theorem
Given an NVPA P, one can construct in single exponential time a VRE E

such that L(E) = L(P).
Proof.

A run 7 is a summary of P from p to p': Iw € WMW(X) s.t.
(p,B) = (P', ).

A run uses only sub-summaries from S: Vgq,q' € Q, if 3w € WMW(X)
st. (p,8) % (p', B), then (p,p) € S. O
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Visibly Rational Expressions (VRE) VRE and Equivalence Between VRE and NVPA

NVPA to VRE

Theorem

Given an NVPA P, one can construct in single exponential time a VRE E
such that L(E) = L(P).

Proof.

Let P =(Q, qin, I, A, F).

A= {Dpp’|P, ,D, € Q} .

Pl = <Q7 Clim ra A U {(p7 |:lpp/’ p,)||:|PP/ € A}’ F> over Z/\-
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Visibly Rational Expressions (VRE) VRE and Equivalence Between VRE and NVPA

NVPA to VRE

Theorem

Given an NVPA P, one can construct in single exponential time a VRE E
such that L(E) = L(P).

Proof.
Let P =(Q, qin, I, A, F).
A= {Dpp’|pa ,D, € Q} _
P =(Q, qin, T, AU{(p,0ppr, p')|Oppr € A}, F) over L.
Given ¢, € Q, SCQx Q, N C {0,y |p,p € Q}, we define:
R(p,p',S,N) : {wl|(p, L) 2 (p’, B) use only sub-summaries from S}.
LP)= |J R(ad.QxQ.0).
q=qin,q'€F _
WM(R(q,4q',S,N)) = R(q,q¢',S,A\) n WM(X*). O
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Visibly Rational Expressions (VRE) VRE and Equivalence Between VRE and NVPA

NVPA to VRE

Theorem
Given an NVPA P, one can construct in single exponential time a VRE E
such that L(E) = L(P).

Proof.

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

qdo

w € R(qo,q7,{(g1,93), (g3, a7), (91, 97) (94, g6) }, 0) u
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Visibly Rational Expressions (VRE) VRE and Equivalence Between VRE and NVPA

NVPA to VRE

Theorem
Given an NVPA P, one can construct in single exponential time a VRE E
such that L(E) = L(P).
Proof.
Basic case: S = ().
> R(q7 qI7Sa /\I) = (anll U Zint U /\I)* U (Zret U Zint’ U /\I)*
> WM(R(q,q',S,N)) = (Zint UN)*
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Visibly Rational Expressions (VRE) VRE and Equivalence Between VRE and NVPA

NVPA to VRE

Theorem

Given an NVPA P, one can construct in single exponential time a VRE E
such that L(E) = L(P).

Proof.
Induction step: S =S’ U {(p, p’)} with (p,p') & S'.
Ppspr ={(5,6,1,5) € QX Teat X Lyt X QIFy €T.(p,,5,7), (s, r,7,p') € A}
S(p,p',S"U{(p, P} N) = .
({ U {c} - WM(R(s,s', 8", A" U {Dpp,})) -{r}l Do’ ) O,

(s,c,r,s/)EPpA)p/
[ U {c} - WM(R(s,s", 8", A'})) - {r}].

/YeP
(s,c,r,s’)E p—p!

WM(R(p, S U {(p, p')}, ) := WM(R(p, ', S', )L
WM(R(57 5/78/7 AU {Dpp/})) f\Dpp/ S(p7 p/78/ U {(p7 P/)}7 A/)
R(p,p',S"U{(p,p')},\)) := R(p.p’, 8", \')U
R(S7 5/78/7 NU {Dpp, }) f\DpP/ S(P7 P/7S/ U {(p7 p/)}7 A/)
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Visibly Rational Expressions (VRE) VRE and Equivalence Between VRE and NVPA

VRE and VPL

Corollary
(Pure) Visibly Rational Expressions capture the class of VPL.
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Pure VRE Definitions

Strong NVPA

Definition N N
A strong NVPA over ¥ is an NVPA P = (Q, gin, I', A, F) over X such that
1 €T and the following holds:

> Initial State Requirement: gin ¢ F and there are no transitions leading to gin.

> Final State requirement: there are no transitions from accepting states.
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Pure VRE Definitions

Strong NVPA

Definition N N
A strong NVPA over ¥ is an NVPA P = (Q, gin, I', A, F) over X such that
1 €T and the following holds:

> Initial State Requirement: gin ¢ F and there are no transitions leading to gin.
> Final State requirement: there are no transitions from accepting states.

> Push Requirement: every push transition from the initial state gi, pushes onto the
stack the special symbol L.

> Pop Requirement: for all g,p € Q and r € X, (q,r, L,p) € Aiff
(q7r7J—7p) e A
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Pure VRE Definitions

Strong NVPA

Definition N N
A strong NVPA over ¥ is an NVPA P = (Q, gin, I', A, F) over X such that
1 €T and the following holds:

> Initial State Requirement: gin ¢ F and there are no transitions leading to gin.
> Final State requirement: there are no transitions from accepting states.

> Push Requirement: every push transition from the initial state gi, pushes onto the
stack the special symbol L.

> Pop Requirement: for all g,p € Q and r € X, (q,r, L,p) € Aiff
(g, r,I,p) € A.

> Will-formed (semantic) Requirement: for all w € L(P), every initialized accepting
run of P over w leads to a configuration whose stack content is in {1}* L.
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Pure VRE Definitions

Strong NVPA

Definition N N
A strong NVPA over ¥ is an NVPA P = (Q, gin, I', A, F) over X such that
1 €T and the following holds:

> Initial State Requirement: gin ¢ F and there are no transitions leading to gin.
> Final State requirement: there are no transitions from accepting states.

» Push Requirement: every push transition from the initial state gi, pushes onto the
stack the special symbol L.

> Pop Requirement: for all g,p € Q and r € X, (q,r, L,p) € Aiff
(q7r7J_7p) e A

> Will-formed (semantic) Requirement: for all w € L(P), every initialized accepting
run of P over w leads to a configuration whose stack content is in {L}* L.

Note that the initial state requirement implies that ¢ ¢ L(P).
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Pure VRE Definitions

Closure property

Theorem
Let P =(Q, qin, [, A, F) and P' = (Q', q},,[", A’, F") be two strong
NVPA over >. Then, one can construct in linear time:

» 1. a strong NVPA accepting (L(P)) U L(P")) with |Q| + |Q'| +1
states and |['| + || — 1 stack symbols, and

» 2. a strong NVPA accepting [L(P)]* \ {e} with |Q|+ 1 states and |T'|
stack symbols.
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Pure VRE Definitions

Closure property

Proof.
1 The NVPA accepting (L(P)) U L(P"))
=(QUQ U{qr}, qr. TUT"U {LI},A” FUF’) can be constructed as

foIIows.

A"=AUA'Y R

U (g7, 0.9, L)(gin,0,q,L) € A,and 0 € Loy}
U{(q7, 0,7, 9)|(gin, 0,7, q) € A,and 0 € X et}

{(ﬂln’o- q)‘(qlmo— q) € A and oS Ziﬂf})

U{(dh 0.9, D)I(d}y. 0.9, 1) € A’ and 0 € TL}
U{(ql{n7a777 q)‘(qln70— ’77 ) € AI and S Z/ t}
U{(qin: 0, 9)l(giy, 0,q) € A’ and 0 € X, })
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Pure VRE Definitions

Closure property

Proof.
2. The NVPA accepting [L(P)]* \ {e} P" =(QU{4},}, 4, T, A", F) can
be constructed in two step:
A — Ag: Ay =AU
U{(q1, 0, qins )I(q1,0,G2,7) € A, q2 € F,and 0 € Teay}
U{(91.0,7, Gin)I(q1,0,7,92) € A, q2 € F,and 0 € L et}

U{(q]_,O', qin)|(CI1,U, CI2) S A’ g2 € F,and o c Zint})
Ng — A A'A: AU R
U({(q,,na o,q, J—)|(qin,0-, qa, J—) € Aa and o € zCall}

U{(djp> 0,7, 9)|(Gin,0,7,q) € A,and 0 € Lyer}

U{(qlln’ g, q)|(qin, O-’ q) € A’ and (S Zint})
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Pure VRE Definitions

Closure property

Theorem

Let P = (Q, qin, T, A, F) be a strong NVPA over . Then, one can

construct in linear time a strong NVPA accepting MWM(L(P)) with |Q|
states and |['| + 1 stack symbols.

Ping Lu (ISCAS)
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Pure VRE Definitions

Closure property

Theorem _
Let P =(Q, qin, T, A, F) be a strong NVPA over L. Then, one can

construct in linear time a strong NVPA accepting MWM(L(P)) with |Q|

states and |['| + 1 stack symbols.

Proof.

The required NVPA P’ = (Q, gin, T U{L1}, A, F') is defined as follows:

A= (A \ ({(qma o,dq, ) (qin; o,q, J—) € Aa and o € anll}

U{(qins 7,7, @) (Qin, 0,7, q) € Ayjand 0 € Lyt }

U{(qin, 7, Q)|(Gin, 0, q) € A and o € Lt}

U{(
(

q,0,91,7)(q,0,q1,7) €A, g1 € F,and 0 € T o}
U{(g,0,7, q1)l(g,0,7,q1) € A, g1 € F,and 0 € XLt}
U{(g,0,4q1)l(a, 0, q1) €N, g1 € F,and 0 € Lt }))
U({(q;n,a/g,Ll)qu,a q, ) € A,and o € anll}
U{(g,0,L1,q1)|(g,0,L,q1) €A, g1 € F,and 0 € Lt}
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Pure VRE Definitions

Closure property

Theorem
Let P =(Q, qin, [, A, F) and P' = (Q', q},,[", A’, F") be two strong
NVPA over f, and OJ € Y;,+. Then, one can construct in linear time:

> (1) a strong NVPA accepting (L(P))°0 with |Q| states and
|Q| + |T'| + 1 stack symbols, and

> (2) a strong NVPA accepting [L(P)]~5 L(P’) with |Q| + |Q’| states
and |T'| + || + | Q| stack symbols.
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Pure VRE Definitions

Closure property

Proof.

(1) Assume P = (Q, qin, I, A, F) s.t.

1, L(P) € MWM(X);

2, QNT =;

3, All the transitions from the initial state are push transitions.

May 20, 2013 66 / 85
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Pure VRE Definitions

Closure property

Proof.

(1) Assume P = (Q, gin,T, A, F) s.t.

1, L(P) € MWM(E);

2, QNT =;

3, All the transitions from the initial state are push transitions.

The NVPA P’ accepting (L(P))“C can be constructed by adding to A the
following transitions: R

1(q,¢c,q',p), where (q,0,p) € A, g # gin and (gin, ¢, q’, L) € A.
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Pure VRE Definitions

Closure property

Proof.

(1) Assume P = (Q, gin,T, A, F) s.t.

1, L(P) C MWM(X);

2, QNT =;

3, All the transitions from the initial state are push transitions.

The NVPA P’ accepting (L(P))“C can be constructed by adding to A the
following transitions: R

1(q,c,q,p), where (q, O,p) € A, g # qin and (qin, c, q,Ll)eA.
2(q,r,p,p), where (q,r, L,q1) €A, g1 € F, p€ Q\{qin}-
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Pure VRE Definitions

Closure property

Proof.

(2) Assume P' = (Q',q.,,T", A, F') s.t.

1, L(P') € MWM(Z);

2, QNI =0

3, All the transitions from the initial state are push transitions.

The NVPA Py accepting [L(P)] ~5L(P’) can be constructed as follows:
1(q,¢c,q,p), where (q, O,p) € A, g # qin and (qin, c, q',I) c A
2(q,r,p,p), where (q,r, L,q1) € A, g € F, p€ Q\ {qin}.
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Pure VRE Definitions

Pure VRE to NVPA

Theorem

Let E be a pure VRE. Then, one can construct in quadratic time an NVPA
P accepting L(E) with at most |E| + 1 states and |E|? stack symbols.
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Pure VRE Definitions

Pure VRE to NVPA

Theorem

Let E be a pure VRE. Then, one can construct in quadratic time an NVPA
P accepting L(E) with at most |E| + 1 states and |E|? stack symbols.

Proof.
Induction on E.
Basic case: For example, Let E = ¢ (c € X.p).

Then P = ({qin, Gr }, Gins {1}, {(Gin, €. a7, 1)}, {ar}). O
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Pure VRE Definitions

Pure VRE to NVPA

Theorem
Let E be a pure VRE. Then, one can construct in quadratic time an NVPA
P accepting L(E) with at most |E| + 1 states and |E|? stack symbols.

Proof.

Induction step: Comes from above theorems.

Take E; v~ E» for an example.

P1 = (Q1,qh,T1, A1, F1) and Pa = (@2, 43, T2, Do, F2) sit.
L(P1) = L(E1) \ {e} and L(P2) = L(E2) \ {e}.

From the inductive hypothesis

|Q1] < |E1|+1, | @] < |E| + 1,

F1| < |E1 2, and |F2| < |E2|2.

Then we can construct in linear time P = (Q, gin, [, A, F), accepting

Ei o B>, s.t.

Q= [@Q1] +|Q2| < |Ex| + [E2[ +2 = |E[ + L.

M < |EP + |Eol? + |Ea| + 1 < (|Ex| + |Eo| + 1) = [E. [
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Pure VRE Decision Problems for pure VRE

Decision Problems

Theorem

The universality, inclusion, and language equivalence problems for pure
VRE are EXPTIME-complete.
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Pure VRE Decision Problems for pure VRE

Universality

Proof.

Upper bounds: Follows from the EXPTIME-completeness of the universality for NVPA.
Lower bounds: Reduction from the word problem for polynomial space bounded
alternating Turing Machines (TM) A with a binary branching degree.

00 01 10

010

The encoding this running tree is:

(Ce)(fCo)(fCo0)(bCo0)" (£Co1)(fCo10)(bCo10)" (bCo1)" (bCo)" (fC1)(£C10)(bCr0)  (bC1) (bCe)"
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Pure VRE Decision Problems for pure VRE

Universality

Proof.

Lower bounds: Reduction from the word problem for polynomial space bounded
alternating Turing Machines (TM) A with a binary branching degree.

A word w € (TU{f, b})" is a unsuccessful computation of M if one of the following
conditions holds,

(1) w is not minimal well-matched.

(2) Subword of w like fCif, fC(C)"b such that C is not a configuration.

3) C # qowB(Cfl)".

(4) minimal well-matched subword of w like fGo(I U {f, b})* Cib such that G # G,.
(5) w is not accepted by A.

(6) there is a subword fC.fCyo or C_X’Obx_x’b or ¢/, bxib, such that C; ¥ Cx, or G ¥ Ca:
Guess and index i : 1 < i < ecn+ 1, and check the relationship of the (i — 1,/,i + 1)-th

symbol of Cy and the i-th symbol of Cso,... O
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Pure VRE Decision Problems for pure VRE

Universality

Proof.

Let ¥ = {{f},{b},TUTUDO}
(1) w is not minimal well-matched.

rn={b}Ururl) - (TUTU{f,b})"

U(TUTU{f,b})* - ({fturur)

£ ((TuTu{0O,b})*b)~(TUTU{f,b})*)- (TUTU{f,b})* b
f-(TUTU{O, F1)*F)~n(TUT U{f, b})*)

(rurtu{dP"~ (FUFU{f b})*-
(2) Subword of w like fCy such that Cs is not a configuration

rn=TUTU{f,b})" - {(fZ* f)U(FZ*QL*Q(QUT)*f)U 3

(FE*b) U (FE* QI b) U (FZ*QE*QX*Q(QUT)*b)} - (TUT U {f, b})*.

O

U
U
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Pure VRE Decision Problems for pure VRE

Universality

Progf.

Let ¥ = {{f},{b},TUTUDO}
(3) C. # gowB(c=1n,

=M\ {ao})(TUTU{f, b} UfJr(
i=1
U U FI(M\ {B)( UT U{f,b})*.
i=n+1

(4) minimal well-matched subword of w like fC; (I U {f, b})* Cob such that
G # G.

r = (TUT U {f, b})*-
F(Jri U wm utu@mym-T)-
i=0 Y1572 €M, 71772

(TUT U{f,b})".

M\ {a})(TUTU{f, b})"

b) ~o (TUTU{f,b})"
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Pure VRE Decision Problems for pure VRE

Universality

Proof.
(5) w is not accepted by A.
= (TUTU{f,b})* - fFT(Q\ F)(TUT)*(Q\ F)I b-(TUT U{f,b})*
(6) there is a subword fCyfCyg or CLybxLb or ¢, bx[b, such that C, ¥ Cyo,
or C, ¥ Cy1: Guess and index i : 1 < i < cn+1, and check the relationship
of the (i — 1,i,i + 1)-th symbol of C; and the i-th symbol of Cs,. ..
re = (TUT U{f,b})*

cn—2

(U U (fr'010203r5"7’+3fr'030£ oy '+3)

i=0 (01,02,03,01,0%,0%)¢fy

cn—2 . 3 3
=~ 57 =cn—Ii+ cn—i+

( U U (M oboboil br' 030201r b)

i=0 (01,02,03,01,0%,0%)¢fy

(TUT U{f,b})*.
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Pure VRE Decision Problems for pure VRE

Universality

Proof. N
L(MUrnUrUrUrUr)=X*iff M does not accept w. Ol
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w-Visibly Rational Expressions (w-VRE)

Definition _
The syntax of w-VRE [ over ¥ is inductively defined as follows:

l:=(E) L(I ul)|(E-I
where E is a VRE over ¥.
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w-Visibly Rational Expressions (w-VRE)

Definition _

The syntax of w-VRE [ over ¥ is inductively defined as follows:
= (E) | (TUl)|(E-T)

where E is a VRE over L.

An w-VRE [ is pure if every VRE subexpression is pure.

May 20, 2013
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w-Visibly Rational Expressions (w-VRE)

The language of w-VRE

Definition

The language of an w-VRE [ is defined as:
(1) L(E¥) = [L(E)]*;

(2) ﬁ(/l @] /2) = [,(/1) U ﬁ(/z);

(3) L(E-1)=L(E)-L(]),
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w-Visibly Rational Expressions (w-VRE)

The regular property

Theorem B

Let L be a w-VPL with respect to g Then, there are n > 1 and VPL
L1,LY, ..., Ly, L, with respect to ¥ such that £ = UZIL; - (L)~.
Moreover, the characterization is constructive.

Proof.
The proof is the same as the one for the w-regular languages.
Suppose L can be defined by a w-VPA M = (Q, Qin, T, 9, F). Let

Log = {w € X¥q Z q'}. Then L = U Lgoar(Lgrqr \ {€1)7. 0
Qo€ Qin,qrEF
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w-Visibly Rational Expressions (w-VRE)

w-VRE and w-VPL

Theorem
(Pure) w-VRE capture the class of w-VPL. Moreover, pure w-VRE can be
converted in quadratic time into equivalent Blichi w-NVPA.

Proof.
w-VRE — VRE — NVPA — w-VPA.
w-VPA — VPA — VRE — w-VRE. O
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Questions?
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